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Abstract: We explore the two holographic complexity proposals for the case of a 2d bound-
ary CFT with a conformal defect. We focus on a Randall-Sundrum type model of a thin
AdS2 brane embedded in AdS3. We find that, using the “complexity=volume” proposal,
the presence of the defect generates a logarithmic divergence in the complexity of the full
boundary state with a coefficient which is related to the central charge and to the boundary
entropy. For the “complexity=action” proposal we find that the complexity is not influenced
by the presence of the defect. This is the first case in which the results of the two holographic
proposals differ so dramatically. We consider also the complexity of the reduced density ma-
trix for subregions enclosing the defect. We explore two bosonic field theory models which
include two defects on opposite sides of a periodic domain. We point out that for a compact
boson, current free field theory definitions of the complexity would have to be generalized to
account for the effect of zero-modes.ar
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1 Introduction
In the last few years a lot of effort has been devoted to understanding the relation between
certain properties of complex quantum systems (such as thermalization, scrambling, and
chaos) and their counterparts on the holographically dual gravitational side. The quest for
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such relations dates back to the discovery of the holographic duality in 1997 [1], but a more
recent facet of this story is the incorporation of quantum information-theoretic aspects on
top of more traditional physics considerations.
Thinking of black holes as quantum computers, along the lines first advocated by [2],
Susskind and collaborators have argued that some of the puzzles associated to the region
behind the horizon of black holes could be clarified if one considers a quantity associated to the
quantum state, that they named complexity, borrowing a notion from quantum information,
see, e.g., [3, 4]. The complexity of a quantum state (say, of a finite number of qubits) is
defined, with respect to a given reference state, as the minimum number of gates (i.e., unitary
operators, taken from some universal set) that need to be applied to a certain reference state
|R〉 to approximate a desired target state |T 〉 [5, 6]. The main point of Susskind’s argument
was that the complexity captures properties of quantum states which are not encoded in
previously studied quantities such as the entanglement or Re´nyi entropies. In particular if
we consider a simple state that has not yet reached its maximal complexity and evolve it
with a generic fast scrambling Hamiltonian then the complexity will always tend to increase
[7], just as entropy does, but whereas entropy saturates its growth after thermalization [8],
complexity is expected to keep growing for an exponentially longer time. This property is
reflected holographically in the growth of the area of a Cauchy surface that connects the two
boundaries of the two-sided eternal black hole, dual to the thermofield double state [9], going
across the horizon.
These considerations led to the proposal that the volume of the Cauchy slice in the eternal
black hole would be the precise holographic counterpart of the complexity of the thermofield
double state in the dual theory. More precisely, the Complexity=Volume (CV) conjecture
[3, 10] posits that
CV = V
GNL
, (1.1)
where V is the volume of a maximal codimension-one hypersurface that ends on the boundary
time slice where the state is defined, and GN is the Newton constant. One of the drawbacks in
the CV conjecture is that a length scale, here L, has to be introduced manually for dimensional
reasons. In order to cure this problem, a second conjecture, the Complexity=Action (CA)
was proposed by Brown, Susskind et al. [11, 12], in which
CA = IWDW
pi~
, (1.2)
where IWDW is the on-shell gravitational action evaluated on the Wheeler-DeWitt (WDW)
patch1 and we will set ~ = 1 from now on. The latter proposal is seemingly more univer-
sal, since the particular maximal slice does not play a preferred role. Technically speaking,
1The WDW patch is the bulk causal development of the slice from the CV conjecture, and is bounded by
light sheets sent from the boundary time slice where the state is defined. For the case of the two-sided AdS
black hole the WDW patch is anchored at both boundaries at the relevant times where the thermofield double
state is studied.
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the action approach is more subtle than the volume one, since codimension-1 boundary sur-
face terms and codimension-2 joint terms have to be included in the action, see [13–18] (a
summarized prescription is outlined in appendix A of [19]).
Various aspect of the two holographic proposals have been explored in recent years. In
particular, their structure of divergences [20, 21], their time dependence [3, 11, 12, 18, 22] and
their reaction to shockwaves [10, 23–25]. In general, it appears that the predictions of the
action and volume proposals tend to coincide up to overall numerical factors. For instance,
the complexity grows linearly for a long period of time at a rate which is proportional to the
energy of the system.2 In shockwave geometries the complexity exhibits characteristic delays
in its growth related to the scrambling time of the system both for the CV and CA proposals.
It is therefore of interest to extend the study of complexity to systems where a clear-cut
distinction can be made between the predictions of the action and the volume proposals.
In order to explore this question, we consider the modification of the complexity asso-
ciated to the introduction of a conformal defect in the field theory. Defect CFTs (DCFTs)
have been studied extensively in the literature (see, e.g., [28] and references therein), both on
the field theory side and holographically, so we can draw on existing constructions. For sim-
plicity, we focus on the case of a 2d DCFT, and consider its ground state complexity. On the
gravitational side, we consider a bottom-up Randall-Sundrum type model [31] of a thin AdS2
brane embedded in AdS3 spacetime [32]. The brane, which acts as a defect in this geometry,
has two anchoring points on the boundary, which introduce defects in the boundary theory
on opposite sides of the circular domain (analogous to a quark-antiquark pair). The brane
backreacts and modifies the geometry, therefore entailing a modification of the complexity
depending on a parameter, namely the tension of the brane.
Our main results can be found in eqs. (3.3) and (3.32), for the CV and CA proposals,
respectively. In particular we observe that the result of the CA proposal does not depend
on the tension of the brane, so the complexity appears unaffected by the introduction of the
defect while for the CV proposal a new logarithmic divergence appears in the complexity
due to the presence of the defect which is related to the central charge and to the Affleck-
Ludwig boundary entropy [33].3 It is worth noting that this is the first case in which the
results of the holographic CV and CA proposals disagree so dramatically. This offers an
opportunity to discriminate between the two prescriptions, which appear to be computing
different quantities.4
In the original proposals, the complexity is associated to the state of the whole system.
Inspired by the Ryu-Takayanagi prescription for the holographic entanglement entropy [36,
2For the volume this statement holds in the high temperature limit, and for hyperscaling violating geome-
tries [26, 27] the late time growth rate from the CV proposal includes an additional temperature dependent
proportionality coefficient required from dimensional analysis considerations.
3The system with the defect is related to a similar system with a boundary via a folding trick.
4Previous studies of the CV complexity in the presence of boundaries can be found in [34] where a holo-
graphic Kondo model was explored and it was pointed out that for constant tension branes the complexity
increases with the tension of the brane. We reach a similar conclusion in our model using the CV proposal.
For an alternative proposal of world sheet complexity, see section 4 of [35].
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37], and motivated by the suggestion that the reduced density matrix of a boundary subregion
is encoded in its “entanglement wedge” [38, 39],5 proposals have been made [19, 40] for an
extension of the complexity conjectures for states (reduced density matrices) associated to
subregions. For static geometries, the CV prescription is generalized to the volume enclosed
between the RT surface and the AdS boundary, while for the CA prescription, one considers
the gravitational action of the region enclosed between the WDW patch and the entanglement
wedge. We consider the subregion complexity for the defect geometry for subregions which
include a single defect; For the CA proposal we are able to perform the computation only
in the case of a symmetric region, i.e., when the defect is at its midpoint. The results are
in eq. (4.17) for the CV proposal and in eqs. (4.37), (4.38) for CA proposal. Again we find
no contribution in CA complexity from the defect. Interestingly, we find that the structure
of divergences of the subregion CA complexity is not the same as the one of the total CA
complexity. In particular, we observe a ln Λ divergence where Λ is the UV momentum cutoff.
The evidence for the validity of the CV and CA proposals is far from being conclusive
since the notion of complexity in QFT is still not well understood. Some progress has been
made [41–59], but a precise definition in strongly interacting CFTs, from first principles, is still
absent. In particular, one can put together an operative definition for the case of free fields [41,
42], and arrive at a result that matches with holography in terms of the divergence structure.
However, it is not clear at the moment what is the universal content which can be extracted
from the coefficients of the complexity as a series expansion in the cutoff scale, similarly to the
case of entanglement entropy, where the coefficient of the logarithmic divergence is associated
to the central charge in the CFT. An operative definition for subregion complexity is also
absent, although some proposals have been made in [60].
The definition of complexity in QFT is subject to many ambiguities. In particular, one
is free to choose a reference state as well as a set of gates that can act on the state. It was
initially suggested [41, 42] that the ambiguity associated with the reference state is mirrored
by a similar ambiguity on the gravitational side of the correspondence, related to the choice of
normalization of the null normals at the boundaries of the WDW patch. More recently it has
been understood that in evaluating the complexity one has to include a certain counter term
needed to restore reparametrization invariance on the null boundaries [23, 24]. This counter
term comes accompanied with a length scale which could be the one reproducing the effect
of the various ambiguities on the complexity. For a more elaborate discussion, see section 5
of [24].
We make a naive attempt to match our holographic results with the dual field theory.
As mentioned before, the definition of complexity for a generic field theory is unknown, and
furthermore, the precise CFT dual of our holographic setup is not known. However, we
can look at free field models of CFTs with defects, analogous to our holographic setup and
study their complexities. We consider first a model with permeable domain walls [61] on
5The entanglement wedge is defined as the set of bulk points that are spacelike separated from the RT
surface and causally connected to the causal wedge on the boundary of AdS.
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opposite sides of a periodic domain. We observe in this case that a logarithmic contribution
proportional to the parameters of the defect is absent, similarly to what happens for the CA
proposal. We then briefly discuss a solvable model with a boundary interaction [62]. It seems
that in this case a logarithmic contribution which depends on the strength of the boundary
interaction is present in the result for the complexity (in the case of a single boundary, but not
if there are two boundaries), though we have to make an assumption that the formula derived
for free fields, which computes the complexity in terms of the (single particle) spectrum, can
be extended to these cases. An extension of the current holographic calculation to a case
where the dual field theory is known would be required in order to identify which one of the
field theory models (if any) is relevant for the analogy with holography. Since we are focusing
on models of compact bosons, we point out that the effects of zero modes could have an
influence on the complexity and might need to be incorporated into the existing definitions.
The paper is organized as follows: In Section 2, we describe the defect AdS3 geometry,
employing different coordinate systems. We also discuss the choice of cutoff and the shape of
the WDW patch in this geometry. In Section 3, we present the calculations of the holographic
complexity of the full boundary state using both the CV and CA proposals. In section 4, we
consider the subregion complexity proposals for subregions including one defect. In section
5, we describe a free bosonic field theory model with defects as well as an exactly solvable
model with a boundary interaction and compute their complexities. We conclude with a
summary of the main results and a discussion in Section 6. A number of technical details
of the calculation are discussed in appendixes A and B, and the subregion CV proposal in
the Poincare´ patch with two distinct cosmological constants on the two sides of the defect is
discussed in appendix C.
2 Preliminaries
In the following section we provide various ingredients of the defect toy model which we use
to study the complexity of defects in this paper. As mentioned in the introduction, we focus
our attention on a Randall-Sundrum solution for a 2d brane of tension λ embedded in a
3d geometry which is a solution of Einstein equations with negative cosmological constant.
Various aspects of this simple solution were already studied in [32]. We start by reviewing the
solution in a number of convenient coordinate choices. We then address the choice of cutoff
surface and describe how to obtain null geodesics emanating from a point on the boundary
in order to construct the WDW patch for the CA proposal.
2.1 Two-Dimensional Branes in AdS3
We begin by considering the solution for a symmetric defect in AdS3 which solves Einstein
equations for the action
S =
1
16piGN
∫
d3x
√−g
Å
R+
2
L2
ã
− λ
∫
d2x
√−h, (2.1)
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where R is the Ricci scalar, L is the AdS curvature scale, λ is the tension of the brane and
h is the determinant of the induced metric on the defect. For brane tension in the range
0 < λ < 14piGNL , the gravitational equations of motion admit stable solutions which include a
thin AdS2 brane. These solutions preserve the symmetries expected from a dual CFT with a
conformal defect. The full solution reads
ds2 = L2
Ä
dy¯2 + cosh2(|y¯| − y∗)(− cosh2 rdt2 + dr2)
ä
, (2.2)
with
tanh y∗ = 4piGNLλ , (2.3)
and the brane is situated at y¯ = 0, where one finds a discontinuity of the extrinsic curvature.
These coordinates correspond to a foliation in terms of AdS2 slices with coordinates (r, t) on
each slice.
The solution (2.2) can also be seen as two (slightly larger than half) patches of vacuum
AdS3, glued together at the location of the defect.
6 This is most simply seen by redefining
y = y¯− y∗ for y¯ > 0 (−y∗ < y <∞) and y = y¯+ y∗ for y¯ < 0 (−∞ < y < y∗). Of course this
coordinate system has a discontinuity at the position of the brane. The metric is then given
on each patch by,
ds2 = L2
Ä
dy2 + cosh2 y(− cosh2 rdt2 + dr2)
ä
, (2.4)
where −y∗ < y < ∞ on one side of the defect and −∞ < y < y∗ on the other. The ranges
of the coordinates indicate that we have two patches of AdS3 bounded by curves of constant
y = ∓y∗. A cross section of the two patches, as well as their constant y and r slices are
depicted in figure 1. In this coordinate system, the boundary of AdS3 is located at y = ∞
or r = ∞, constant r lines are geodesics, constant y curves are perpendicular to r = 0 and
constant r curves are perpendicular to the boundary.
The (t, y, r) coordinates can be related to the usual global AdS3 coordinates (t, ρ, θ) in
the following way,
cosh y cosh r = cosh ρ; sinh y = sinh ρ sin θ, (2.5)
and the metric becomes
ds2 = L2
Ä
− cosh ρ2dt2 + dρ2 + sinh2 ρdθ2
ä
. (2.6)
Another useful set of coordinates maps the global AdS3 coordinates to a circle of finite
radius, it reads
tanφ = sinh ρ, (2.7)
6To be more precise, the coordinate system (2.2), with r > 0 only covers half of each patch. We will later
translate our expressions to global coordinates where the full patches are covered.
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Figure 1: Constant time slices of the two AdS patches on the two sides of the defect,
corresponding to the metric (2.4), glued together at the location of the defect along y = ±y∗
curves. Lines of constant r are indicated in red and lines of constant y are indicated in green.
which leads to the following metric,
ds2 =
L2
cos2 φ
Ä
−dt2 + dφ2 + sin2 φdθ2
ä
. (2.8)
In this way, we obtain a third coordinate system (t, φ, θ) where the constant time slices are
Poincare´ disks with φ ∈ [0, pi/2] playing the role of a radial coordinate and θ an angular
coordinate on the disk. Note that constant θ curves are geodesics. The (t, y, r) coordinates
are related to the (t, φ, θ) coordinates according to
tanh r = sinφ cos θ; sinh y = tanφ sin θ, (2.9)
and these coordinates cover half the space.
Our previous coordinate systems (2.4), (2.6) and (2.8) were dimensionless and so the
curvature of the boundary will naturally be set by the AdS scale L. In order to separate the
radius of curvature of the boundary from the AdS curvature scale (see, e.g., [22]) we rescale
the time coordinate by a new length scale LB [20]
τ = LB t, (2.10)
which will set the curvature of the spatial geometry of the boundary. This leads to the metric
ds2 =
L2
cos2 φ
Ç
−dτ
2
L2B
+ dφ2 + sin2 φdθ2
å
(2.11)
where the boundary time is now given by τ .
2.2 Fefferman-Graham Expansion and the Cutoff Surface
The gravitational observables that come into play in the two holographic complexity conjec-
tures (1.1)-(1.2) yield divergent results and need to be regularized. The standard procedure,
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used also in previous studies of the holographic complexity, is to introduce a cutoff of constant
z = δ in a Fefferman-Graham (FG) expansion of the relevant metric (see, e.g., [20, 63]). In
the case of vacuum AdS3, ignoring the defect, one needs to bring the metric (2.11) to the
form
ds2 =
L2
z2
Ä
dz2 + gij(x, z)dx
idxj
ä
, (2.12)
where the boundary is situated at z = 0 and gij(x, z) can be expanded in a power series in z
where gij(x, z = 0) is the boundary metric. This can be achieved by the following coordinate
transformation
z = 2LB
cos(φ/2)− sin(φ/2)
cos(φ/2) + sin(φ/2)
, (2.13)
and of course, scaling the metric in the asymptotic region by z2/L2 then yields the boundary
metric
ds2bdy = −dτ2 + L2Bdθ2. (2.14)
The FG cutoff z = δ is then expressed using eq. (2.13) as
φ = pi/2− δˆ +O(δˆ3), or cosh y cosh r = 1
sin δˆ
+O(δˆ), δˆ ≡ δ
LB
. (2.15)
In the presence of the defect, however, it was shown in [64] that the Fefferman-Graham
expansion breaks down near the defect and fails to cover a bulk wedge-shaped region originat-
ing from the defect. Different solutions to this problem have been proposed in the literature,
see the discussion in [65] and references therein. In particular, one suggestion is to use two
different cutoffs, one for the region near the defect and another one away from the defect; in
the defect region, the cutoff is expressed in term of the FG coordinates of an AdS2 slicing of
the geometry (in our coordinates (2.4) these are the slices of constant y). We adopt this sug-
gestion for regularizing the complexity in the defect region, but continue to use the standard
FG cutoff away from the defect. Moreover, we choose the two cutoffs in such a way that the
cutoff surface is smooth.7
Note that naively extending the cutoff surface of constant radius φ in eq. (2.15) up to the
defect would give a surface that does not match smoothly across the defect. One way to see
this is to check that the FG cutoff surface is not perpendicular to the line of constant y = y∗,
where it crosses the defect. The proposed extension of the cutoff surface in the region of the
defect (y < 0) is given by constant r curves on each side, see figure 2. Explicitly the constant
r extension of the cutoff surface can be expressed using eq. (2.9) and it reads
tanh r = sinφ cos θ = cos δˆ . (2.16)
The two parts of the cutoff surface (2.15) and (2.16) are smoothly connected at y = 0.
7Although we do not have a strong justification, it seems natural to require smoothness of the cutoff surface;
moreover this avoids some problems that would arise in the CA computation where a lack of smoothness would
introduce additional joints, see footnote 17. We would like to thank Rob Myers for suggesting this choice of
cutoff.
– 8 –
Figure 2: Extension of the cutoff surface in the region of the defect following lines of constant
r. This generates a cutoff surface which is perpendicular to the defect and connects smoothly
the two sides. We have indicated in light blue the region inside the cutoff surface.
2.3 Wheeler-DeWitt Patch in Defect AdS3
The Wheeler-DeWitt (WDW) patch is defined as the union of all spacelike surfaces anchored
at the boundary time slice where the state is defined. A practical way to obtain its shape is
to identify the parts of space which are not contained within the lightcones generated from
any of the points on the given boundary time slice. Without loss of generality we choose this
time slice to be t = 0. In the case of pure AdS3 (without the defect), the WDW patch takes
the form of a cone generated from the relevant time slice on the boundary, bounded by light
sheets (see, e.g., the left panel of figure 2 in [63]). In the defect geometry however, the WDW
patch will be bounded by additional surfaces in the defect region, see figure 3. Those surfaces
correspond to the lightcones generated from the points at the intersection of the boundary
and the defect on the t = 0 time slice, namely θ = 0 and φ = pi/2 or θ = ±pi and φ = pi/2.
To understand the shape of these extra boundaries of the WDW patch, we need to obtain
the relevant surfaces in the defect region by explicitly analyzing the lightcone generated from
a given point on the boundary, e.g., θ = 0.8 As we demonstrate below, the lightcone takes a
very simple form in the (t, y, r) coordinate system.
We will study the null geodesics starting from the boundary point t = 0, r = ∞ in
the metric (2.4). Since the (y, r) coordinate system is singular at r = ∞, one of the initial
conditions is replaced by a regularity condition at this point, which as we show below amounts
to having the geodesic follow an initial angular orientation along some y = y0, with y˙ = 0,
where the derivative is taken with respect to some parameter σ along the null geodesics.
In appendix A we derive the same geodesics directly in global coordinates as a consistency
check. With the change of variables tanh(r(σ)) = R(σ) and tanh(y(σ)) = Y (σ) and a choice
of parametrization σ = t we obtain the following equations of motion by minimizing the line
8The result for θ = ±pi is easily obtained using symmetry arguments.
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Figure 3: Illustration of the (future half of the) WDW patch in defect AdS3. S
L
3 and S
R
3
are the two half cones, already present for the case of vacuum AdS3. S
L
2 and S
R
2 are the
additional boundaries of the WDW patch in the defect region, fixed by parts of the lightcones
generated from the points θ = 0, ± pi on the boundary (φ = pi/2). Those null surfaces
are smoothly connected across the defect and they terminate along a ridge at the top of the
WDW patch. The yellow surfaces correspond to the defect brane, where the left and right
patches are glued together.
element
R¨(t) = −R(t), Y¨ = Y
ñ
R˙2
(R2 − 1)2 +
1
R2 − 1
ô
− 2RR˙Y˙
R2 − 1 , (2.17)
and the requirement that the geodesics are null, namely the vanishing line element, reads
Y˙ 2 = (Y 2 − 1)
ñ
R˙2
(R2 − 1)2 +
1
R2 − 1
ô
. (2.18)
Eq. (2.17) is solved by
R(t) = c1 cos t+ c2 sin t. (2.19)
The boundary condition R(t = 0) = 1 fixes c1 = 1 and substituting eq. (2.19) into eq. (2.18)
we find that y˙ diverges at t = 0 unless c2 = 0. This constraint is analogous to setting to zero
the angular momentum of a geodesic passing through the radial origin of a polar coordinate
system. The null equation is then solved by Y (t) = Y0 where Y0 is a constant, and this also
solves the second equation of (2.17). Reverting the change of variables we finally obtain
tanh r = cos t, y = y0. (2.20)
This means that the null geodesics are following lines of constant y while r and t are changing.
Because of this fact it is very natural to work with y, r coordinates in the defect region, while
we will keep working with the φ, θ coordinates outside the defect region. A cross section of
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Figure 4: Cross section of the boundary of the WDW patch for different times t denoted by
the green and blue lines inside and outside the defect region respectively. In the defect region
the boundary of the WDW patch is fixed by the light cone emanating from the boundary at
θ = 0, indicated by solid green curves, and it meets the lightcone surface coming from θ = pi
along a ridge at θ = −pi/2 (and t = pi/2). The rest of the boundary of the WDW patch is
the conical region fixed by straight infalling light rays coming from different boundary points
along lines of constant θ and its cross section for different times t is indicated by the blue
circular arcs. The plot corresponds to a defect parameter of y∗ = 0.6, see eq. (2.3), and is
presented using the x and y coordinates defined in eq. (A.11).
this surface for different values of t is depicted by the green slices in figure 4. We see that
the constant time slices on our null cone straighten up as we go deeper into the bulk and
they finally follow the constant angular surface of θ = −pi/2. We conclude that the two
new boundaries of the WDW patch, see the green surfaces in figure 3, meet along a ridge at
θ = −pi/2 and t = pi/2. For y > 0 the WDW patch is fixed by the light rays which come
from other boundary points, and its constant t profile is represented in figure 4 as blue curves
which correspond to the blue conical surface in figure 3. This surface is the same as the
boundary of the WDW patch in the absence of the defect.
3 Holographic Complexity with a Defect
With the geometric understanding developed in the previous section, we are now ready to
investigate the predictions of the two holographic proposals (CA and CV) for the complexity
of the DCFT ground state in our holographic defect toy model.
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3.1 CV Conjecture
We start with the CV conjecture (1.1). In this case we have to evaluate the volume of
a constant time slice in the presence of the defect. Since the two sides of the defect are
identical, we focus on the region −y∗ < y < ∞ below. We will eventually multiply the final
result by two in order to account for the two sides of the defect. The defect is located at
constant y = −y∗ which according to eqs. (2.5) and (2.7) corresponds to
tanφ sin θ = − sinh y∗. (3.1)
Since the volume is divergent we will use the cutoff surface in eqs. (2.15) and (2.16), see figure
2. We divide our volume to two parts V1 and V2 as indicated in figure 5. Integrating the
volume element, given by the square root of the induced metric, in each of these regions yields
V1 = 2L
2
∫ 0
−y∗
dy cosh y
∫ tan−1(cos δˆ)
0
dr = 2L2 sinh y∗ ln
Å
2
δˆ
ã
,
V2 =L
2
∫ pi
0
dθ
∫ pi/2−δˆ
0
dφ
sinφ
cos2 φ
= L2
Å
pi
δˆ
− pi
ã
,
(3.2)
up to terms of order δˆ. Summing everything up and using eq. (1.1) we obtain the following
result for the complexity using the CV proposal
CV = 2
GNL
(V1 + V2) =
4cT
3
Å
pi
δˆ
+ 2 sinh y∗ ln
Å
2
δˆ
ã
− pi
ã
(3.3)
where we have included an overall factor of 2 to account for the two sides of the defect and
expressed the result in terms of the central charge cT = 3L/(2GN). The leading contribution
is the same as in the case without the defect and it follows a volume law (recall from eq. (2.15)
that δˆ = δ/LB). We see that the contribution introduced by the defect includes a logarithmic
UV divergence with a coefficient which is proportional to sinh y∗ where y∗ is related to the
tension of the brane according to eq. (2.3). For a brane with small tension for instance we will
have a linear relation sinh y∗ ∼ y∗ ∼ λ. On the CFT side we expect the relevant parameter
to encode properties of the defect CFT. Of course, this result is larger than in the absence of
the defect since due to the defect, the space was extended and so the volume has increased.
We also note that the result is proportional to the central charge (equivalently, the number
of degrees of freedom in the system). We will compare these results to those of simple CFT
models with defects in section 5.
3.2 CA Conjecture
Next we evaluate the complexity using the CA conjecture (1.2), which states that, up to an
overall numerical coefficient, the complexity is given by the gravitational action of the WDW
patch. The gravitational action consists of a number of different contributions including bulk
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Figure 5: Division of the constant time slice inside the cutoff surface to two different portions
which we use in evaluating the volume integrals for the CV conjecture. V1 is the volume in
the defect region and V2 is the volume outside the defect region.
(codimension-0), boundary (codimension-1) and joint (codimension-2) terms.9 The relevant
contributions involving null joints have recently been analyzed in [18], which we will follow in
our calculation below, and other relevant boundary and joint contributions were previously
explored in [13–17]. For the current setup the relevant contributions in the gravitational
action read
I =
1
16piGN
∫
M
d3x
√−g (R− 2Λ) + K
8piGN
∫
Bt/s
d2x
»
|h|K
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κ
8piGN
∫
Bn
dλ dθ
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γ κ− 1
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∫
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dλ dθ
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γΘ ln(`ct|Θ|)
+
a
8piGN
∫
Σ
dx
√
γ a− λ
∫
D∩WDW
d2x
√−h .
(3.4)
The various contributions are: the bulk Einstein-Hilbert action with negative cosmological
constant; the Gibbons-Hawking-York (GHY) extrinsic curvature term for timelike/spacelike
boundaries;10 the null boundary contribution given in terms of κ which measures how far is
the parameter λ from providing an affine parametrization of the null generators of the null
surface11 and a counterterm added in order to ensure parametrization invariance given in
9We also encounter caustics, e.g., at the tip of the blue cone in figure 3. The contribution of the tip can
effectively be calculated by regulating it using a cutoff surface at constant t = pi/2 − . In this way we are
able to demonstrate that this caustic does not make an additional contribution to the gravitational action by
smoothly taking the limit  → 0. We are not aware of an explicit prescription for such contributions in the
literature, but we would like to point out that it is hard to come up with an action for such point-like elements
which is consistent with dimensional analysis since (before dividing by GN) it should have mass dimension −1.
10We will only need to evaluate the GHY contribution for timelike surfaces. In this case K = 1 and the
normal vector sµ should be oriented away from the volume of interest. We evaluate the extrinsic curvature
according to Kab = e
µ
ae
ν
b∇µsν and its trace is given by K = habKab where the vielbeins are defined as
eµa = ∂ax
µ, the induced metric is given by hab = gµνe
µ
ae
ν
b and the indexes a, b label coordinates inside the
surface.
11κ is defined according to kµ∇µkν = κkν , where kµ = dxµ/dλ is the future oriented null normal vector
and λ is a parameter along the null generators increasing toward the future. As noted in reference [23], the κ
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(a) Bulk contributions
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(c) Joint contributions
Figure 6: Different contributions for the CA conjecture projected onto a constant time
slice. The bulk contributions consist of those above and below the indicated regions (B1 and
B2). The surface contributions include S1 and S4 which are due to the cutoff surface and S2
and S3 which are due to the null boundaries of the WDW patch. Sd stands for the defect
contribution. The joint contributions consist of J1 and J2 which stand for the joints at the
intersection of the cutoff surface and the null boundaries of the WDW patch and of J3 which
stands for the joint at the ridge at the top of the WDW patch, see also figure 3.
terms of the null expansion Θ;12 contributions from spacelike joints involving null surfaces
given in terms of a;13 and the new contribution due to the gravitational action for the defect
itself in the region enclosed inside the WDW patch. We excluded from the action (3.4)
other joint contributions which did not enter our calculations, see appendix C of [18]. In the
following subsections we evaluate all these contributions and finally sum them up to produce a
result for the complexity at the end of the section. The shape of the WDW patch has already
been described in subsection 2.3, see figure 3, and the various contributions are depicted and
enumerated in figures 6 and 7.
3.2.1 Bulk Contributions
We start by evaluating the bulk Einstein-Hilbert and cosmological constant contributions.
The Ricci scalar is the same as for the case of vacuum AdS3 everywhere except at the position
of the brane where it has an extra delta function. The effect of this additional delta function
integrated over the infinitesimal thickness of the brane will be dealt with later on, together
with the brane action contribution in subsection 3.2.3. For the case of vacuum AdS3 we have
term in references [18] and [19] had a sign mistake which we corrected for in eq. (3.4). κ = ±1 if the volume
of interest lies to the future (past) of the boundary segment.
12The expansion parameter is defined according to Θ = ∂λ ln
√
γ where γ is the (one dimensional) metric
on the null surface. The addition of this counterterm was recently pointed out to be an essential ingredient of
the CA conjecture in refs. [23, 24].
13a is given by a = ln |s · k| for the case of the intersection between a timelike and a null boundary with
normal vectors s and k respectively, and by a = ln |k1 · k2/2| for the intersection between two null boundaries
with normal vectors k1 and k2. The sign a = −1 if the volume of interest lies to the future (past) of the
null segment and the joint lies to the future (past) of the segment and a = 1 otherwise. For more details see
appendix C of [18].
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R = −6/L2 and Λ = −1/L2 and therefore
Ibulk ≡ 1
16piGN
∫
M
d3x
√−g (R− 2Λ) = − 1
4piGN
∫
M
d3x
√−g
L2
. (3.5)
This will allow us to evaluate the Einstein-Hilbert contribution everywhere except for an
infinitesimally thin shell surrounding the brane. The relevant contributions can be divided
into two regions B1 and B2 whose projections on a constant time slice are depicted in figure
6a. Due to the symmetries of the problem, we focus on the future part of the WDW patch on
one side of the defect and eventually multiply our result by a factor of four. We start from
the contribution of the region B1:
B1 = − L
2piGN
∫ 0
−y∗
dy cosh2 y
∫ tanh−1(cos δˆ)
0
dr cosh r
∫ cos−1(tanh r)
0
dt
=
L
4piGN
ï
y∗ +
1
2
sinh(2y∗)
ò Ä
ln δˆ − 1
ä
.
(3.6)
Next, we evaluate the contribution from the region B2:
B2 = − L
4piGN
∫ pi
0
dθ
∫ pi/2−δˆ
0
dφ
∫ pi/2−φ
0
dt
sinφ
cos3 φ
= − L
4piGN
ñ
pi
δˆ
− pi
2
4
ô
. (3.7)
Summing together eqs. (3.6) and (3.7) and multiplying by a factor of four for the two sides
of the defect as well as the future and past parts of the WDW patch we obtain
Ibulk =
L
piGN
Ç
−pi
δˆ
+ γ(ln δˆ − 1) + pi
2
4
å
, γ ≡ y∗ + 1
2
sinh(2y∗) , (3.8)
where the parameter γ encodes the influence of the defect. For a brane with small tension we
have a linear relation between γ and the tension of the brane, namely γ ∼ λ.
3.2.2 Boundary and Joint Contributions
In this section we evaluate the various boundary and joint contributions to the gravitational
action of the WDW patch. The different surfaces and joints which come into play in this
calculation are illustrated and labeled in figure 7 and their projections on a constant time
slice are presented in figures 6b-6c. They consist of the half cylindrical cutoff surface outside
the defect region which is labeled as S1, the two additional null boundaries consisting of
lightcones generated from antipodal points on the boundary of the WDW patch in the defect
region, both labeled as S2, the half cone outside the defect region labeled as S3, and the two
additional constant r extensions of the cutoff surface in the defect region labeled as S4. The
joint between S1 and S3 is labeled as J1 and the one between S2 and S4 is labeled as J2.
Finally, the joint at the ridge at the top of the WDW patch between the two S2 surfaces is
labeled as J3. Note that S2 and S3 are connected smoothly, as well as the various surfaces on
two different sides of the defect and we therefore do not include additional joint contributions
there.
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Figure 7: Various joint and surface contributions to the action of the WDW patch. We have
focused on the future half of the patch on one side of the defect.
Contributions outside the defect region We start by evaluating the various contri-
butions outside the defect region. The half cylindrical cutoff surface S1 corresponds to
φ = pi/2− δˆ and its normal one-form and induced metric read
s(1) ≡ s(1)µ dxµ =
L
sin δˆ
dφ, dh2(1) =
L2
sin2 δˆ
Ä
−dt2 + cos2 δˆ dθ2
ä
. (3.9)
The extrinsic curvature reads
K(1) =
1
L
Å
cos δˆ +
1
cos δˆ
ã
, (3.10)
which yields the following GHY contribution to the gravitational action
S1 =
L
8piGN
∫ δˆ
0
dt
∫ pi
0
dθ
cos δˆ
sin2 δˆ
Å
cos δˆ +
1
cos δˆ
ã
=
L
4GNδˆ
. (3.11)
The half cone S3 can be parameterized by the coordinates λ = t/N3 and θ as follows14
xµ(λ, θ) ≡ (t, φ, θ) = (N3λ, pi/2−N3λ, θ), (3.12)
and the normal vector to the surface reads
kµ(3) =
dxµ
dλ
= N3(1,−1, 0) . (3.13)
14In [18] it was suggested that as a part of the prescription to evaluate the complexity we should choose
a parametrization of the null generators such that κ = 0 and such a parametrization is given by the choice
λ ∝ cot(t). However, since we are adding the counterterm the choice of parametrization will not modify the
final result and we may proceed with λ ∝ t.
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The (one dimensional) induced metric, expansion and κ on the surface S3 are given by
γθθ = L
2 cot2 t, Θ = − 2N3
sin(2t)
, κ(3) = −2N3 cot t . (3.14)
We can now use these results to evaluate the surface contribution S3, including both the κ
term and the counterterm contribution Θ ln(`ct|Θ|) from eq. (3.4). This leads to
S3 =
L
8piGN
∫ pi/2
δˆ
dt
∫ pi
0
dθ
ln
(
2`ctN3
sin(2t)
)
+ 2 cos2 t
sin2 t
=
L
8GNδˆ
Å
ln
Å
`ctN3
δˆ
ã
+ 1
ã
. (3.15)
The joint J1, where the half-cone intersects with the cylindrical cutoff surface, is given as
J1 = − L
8piGN
∫ pi
0
dθ cot(δˆ) ln
ÅN3L
sin δˆ
ã
= − L
8GNδˆ
ln
ÅN3L
δˆ
ã
. (3.16)
Combining all these contributions for the surfaces and joints outside the defect region together
and multiplying by a factor of four for the future and past parts of the WDW patch as well
as the two sides of the defect we obtain
Isj,out = 4(S1 + S3 + J1) =
L
2GNδˆ
(ln(`ct/L) + 3) . (3.17)
We see that the parametrization choice N3 canceled out as expected due to the addition of
the counterterm.
Contributions inside the defect region Here we focus on the various surfaces and joints
inside the defect region, namely S2, S4, J2 and J3, see figures 6-7. The constant r cutoff
extension in the defect region corresponds to the constraint tanh r = cos δˆ, see eq. (2.16), and
its normal one-form and induced metric read
s(4) ≡ s(4)µ dxµ = L cosh y dr,
dh2(4) = L
2
Ç
dy2 − cosh
2 y
sin2 δˆ
dt2
å
.
(3.18)
The extrinsic curvature reads
K(4) =
cos δˆ
L cosh y
. (3.19)
We can use these results to evaluate the S4 surface contribution given by
S4 =
L
8piGN
∫ 0
−y∗
dy
∫ δˆ
0
dt cot δˆ =
L
8piGN
y∗. (3.20)
The additional lightcone surface S2 generated from the boundary point at θ = 0 can be
parameterized in terms of t and y as follows
xµ(t, y) = (t, y, tanh−1(cos t)), (3.21)
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where t ∈ [δˆ, pi/2] and y ∈ [−y∗, 0] and where y = −y∗ corresponds to a light ray which
parallels the defect. It is possible to verify, as we do below that this surface has zero null-
expansion (Θ = 0) and as a result it is reparametrization invariant without the addition of
the counterterm in eq. (3.4) (in [18] this was referred to as a stationary hypersurface).15 If
we parameterize the surface with λ such that λ = LN2 cosh(y) ln
(
tan
( t
2
))
, we obtain for the
normal vector16
kµ(2) =
dxµ
dλ
=
N2
L cosh y
(sin t, 0,−1) , (3.22)
as well as the other properties of the surface S2
γyy = gαβe
α
y e
β
y = L
2, Θ = 0, κ(2) = −
N2
L
cos t
cosh y
. (3.23)
We can use these results to evaluate the surface contribution S2 which reads
S2 =
L
8piGN
∫ 0
−y∗
dy
∫ pi/2
δˆ
dt cot t = − L
8piGN
y∗ ln δˆ , (3.24)
where in evaluating this expression we have changed the variable of integration from λ to t
using the chain rule. We proceed to evaluate the contribution of the joint J2, associated with
the surface of constant t = δˆ and y ∈ [−y∗, 0]
J2 = −L lnN2
8piGN
∫ 0
−y∗
dy = −L lnN2
8piGN
y∗ . (3.25)
The joint J3, formed by the intersection of the two lightcone surfaces generated from the two
antipodal points on the boundary, is characterized by t = pi/2, r = 0 and y ∈ [−y∗, 0]. At
this intersection the normal vectors to the two null surfaces take the form
kµ(2) =
N2
L cosh y
(1, 0,−1) , k¯µ(2) =
N2
L cosh y
(1, 0, 1) , (3.26)
which yields the following joint contribution
J3 =
L lnN2
4piGN
∫ 0
−y∗
dy =
L lnN2
4piGN
y∗ . (3.27)
Summing together all the contributions for the surfaces and joints inside the defect region we
finally obtain
Isj,in = 8(S2 + S4 + J2) + 4J3 = − L
piGN
y∗
Ä
ln δˆ − 1
ä
, (3.28)
and of course, the parametrization freedom N2 canceled from this result.
15One way to understand this statement is that the surface S2 is in fact a part of an entanglement wedge
[38, 39]. For the case of vacuum AdS and a spherical entangling surface, it is well known that the boundary
of the entanglement wedge is a Killing horizon and the corresponding normals are null killing vectors [66, 67].
Hence this surface is known to have vanishing expansion and constant cross-sectional area when moving along
its null generators.
16A guiding principle for this choice of parametrization is that it simplifies greatly the factor inside the
logarithm, and as a consequence, the integration in the corner contributions J2 and J3.
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3.2.3 Defect Contribution
We now proceed to consider the defect contribution. We will include here both the brane
action as well as the integration of the Einstein-Hilbert term over the infinitesimal thickness
of the defect. The relation between these two contributions has been explored in [68] using
the Israel junction conditions [69], where it was demonstrated that the Einstein-Hilbert con-
tribution can be expressed in terms of the discontinuity of the extrinsic curvature across the
defect, and this yields a contribution that is (−2) times the brane action. Summing the two
together results in a flipped sign for defect contribution
Id = Iλ + IEH = −Iλ = λ
∫
defect
√−h = tanh y
∗
4piGNL
∫
defect
√−h (3.29)
where h is the induced metric on the defect and we have used the relation (2.3) to relate λ
and y∗. Of course, in the context of the CA conjecture we will be integrating over the part
of the defect enclosed in the WDW patch. Since the defect lies inside the patch we do not
need to add additional boundary contributions and joints at the location of the defect.17 The
defect brane corresponds to the constraint y = −y∗, see eq. (3.1). We parameterize it by the
coordinates t and r, and its normal vector and induced metric are given by
s(d) ≡ s(d)µ dxµ = Ldy,
dh2(d) = ds
2 = L2 cosh2 y(− cosh2 rdt2 + dr2) . (3.30)
This yields the following defect contribution
Id =
L sinh(2y∗)
2piGN
∫ tanh−1(cos δˆ)
0
dr cosh r
∫ cos−1(tanh r)
0
dt = −L sinh(2y
∗)
2piGN
Ä
ln δˆ − 1
ä
, (3.31)
where we have included an overall factor of two to account for the future and past portions
of the defect brane.
3.2.4 Total CA Contribution
We can now collect all the terms to obtain the total result for CA complexity using eq. (1.2)18
CA = IWDW
pi
=
1
pi
(Id + Isj,in + Isj,out + Ibulk) =
cT
3pi
Å
1
δˆ
ï
ln
Å
`ct
L
ã
+ 1
ò
+
pi
2
ã
, (3.32)
where we have expressed the result in terms of the central charge cT = 3L/(2GN) of the
boundary theory. We see that the presence of the defect does not change the result! This
is in contrast to the logarithmic contribution introduced into the CV complexity due to the
presence of the defect, cf. eq. (3.3). There is an ambiguity related to the new scale `ct
introduced by the counterterm which has been suggested to be related to certain choices that
can be made in defining the complexity in the QFT side [41, 42], see section 5 of [24].
17As an aside, we note that a naive extension of the prescription for joint terms between the defect surface
and the additional S2 boundary would fail, since in this case the null normal is included in the timelike defect
surface which would result in a vanishing product of the normals to these two hypersurfaces.
18We have set ~ = 1.
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Figure 8: Defect AdS geometry consisting of two AdS patches glued together along lines of
constant y = ±y∗ at the location of the defect. The spacelike geodesic connecting θL and θR
(alternatively rL and rR) will pass through θ = ±θ∗ (alternatively r = r∗) on the left/right
patches respectively. On the right patch we have −y∗ ≤ y < ∞ while on the left patch we
have −∞ < y ≤ y∗. We have extended the definition of r in both patches such that all the
patch is covered and −∞ ≤ r ≤ ∞. Angles are measured with respect to the vertical upward
direction.
4 Holographic Complexity for Subregions
Next, we investigate extensions of the CV and CA conjectures for mixed states produced
by tracing out the degrees of freedom outside a subregion A of the full boundary time slice,
see [19, 40]. Both proposals are motivated by the suggestion that the natural bulk region
encoding the reduced density matrix is the entanglement wedge [38, 39]. In the presence of
the defect, the non-trivial case is when the subregion A includes the defect and we focus on
this case below.
4.1 Subregion CV Conjecture
The extension of the CV conjecture for the complexity of mixed states [19, 40] suggests that
the complexity is proportional to the maximal volume of a codimension-one surface enclosed
between the boundary region A and its corresponding Ryu-Takayanagi (RT) surface [36, 37]
with the same proportionality coefficient as in equation (1.1). We will use this prescription in
the defect-AdS geometry for the case in which the subregion A contains the defect. For this
purpose, we need to find the RT surface (the spacelike geodesic, in our case) connecting two
points on opposite sides of the defect as illustrated in figure 8. This is done by matching two
geodesics connecting the two boundary points on each side of the defect to the same point on
the defect surface and minimizing the total length.
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4.1.1 Finding the Geodesics
Let us start with the metric on a constant time slice in global coordinates on the right patch,
see eq. (2.8)
ds2 =
L2
cos2 φ
Ä
dφ2 + sin2 φdθ2
ä
. (4.1)
The geodesics for this metric can be found by minimizing the line element. This leads to the
following geodesic equation parameterized by θ, where we have used the change of variables
Φ(θ) = sin(φ(θ))
− Φ(θ)Φ′′(θ) + 2Φ′(θ)2 + Φ(θ)2 = 0 , (4.2)
which admits the general solution
sinφ cos(θ − α) = c . (4.3)
α and c are two constants of integration which will be fixed by the boundary conditions θL
and θR where the geodesic meets the boundary of AdS. This demonstrates that these are
simply curves of constant r, rotated by an angle α cf. eq. (2.9).
Alternatively, we can work with the y and r coordinates by extending the definition of
r to negative values, in order to cover the full space. This is done by formally extending
the coordinate transformation in eq. (2.9) to angles θ > pi/2 or θ < −pi/2. This choice of
coordinates turns out to be the most convenient when evaluating the relation between the
integration constants and the boundary conditions of the geodesics. The geodesic in the y
and r coordinates can be obtained by considering the restriction of the metric (2.4) onto a
constant time slice
ds2 = L2
ÇÅ
dy
dr
ã2
+ cosh2 y
å
dr2. (4.4)
This leads to the following geodesic equation where we have used the change of variables
Y (r) = tanh(y(r))
d2Y
dr2
− Y = 0. (4.5)
This equation admits the general solution
tanh(y(r)) = c1e
r + c2e
−r (4.6)
where c1 and c2 will be fixed by the boundary conditions. In general these constants will be
different for the left and right sections of the geodesic and we will have to match them at the
position where the geodesic meets the defect. Fixing the boundary conditions y =∞, r = rR
for the right section of the geodesic and y = −∞, r = rL for the left section we can express
the geodesic solutions as follows
sinh(r − rR + tanh−1(aR)) = aR»
1− a2R
tanh y,
sinh(r − rL − tanh−1(aL)) = aL»
1− a2L
tanh y,
(4.7)
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where the constants of integration aL and aR will be fixed by matching the two geodesics on
the two sides of the defect.
Since the metric is continuous at the location of the defect (only its derivative with respect
to the y coordinate is discontinuous), one can show by integrating the equations of motion in
a small pillbox around the defect that dy/dr is continuous at the point where the geodesics
cross the defect. This is a local matching condition which is equivalent to minimizing the
total length of the geodesics. Explicitly, the matching condition reads»
1− a2R
aR
cosh(r∗ − rR + tanh−1(aR)) =
»
1− a2L
aL
cosh(r∗ − rL − tanh−1(aL)) (4.8)
where r = r∗ is the value of r at the point where the geodesics cross the defect. In addition,
the fact that the geodesics in eq. (4.7) cross the defect at r = r∗ yields the following conditions
sinh(r∗ − rR + tanh−1(aR)) = − aR»
1− a2R
tanh y∗, (4.9)
sinh(r∗ − rL − tanh−1(aL)) = aL»
1− a2L
tanh y∗. (4.10)
Solving these three equations leads to
a ≡ aL = aR =
sinh( rR−rL2 )
cosh( rR−rL2 ) + tanh y
∗ , r∗ =
rL + rR
2
. (4.11)
We note that the point r∗ is simply the arithmetic mean of the two asymptotic values of r
on the two sides of the defect. We also note that |a| < 1, and the sign depends on whether
rR > rL or rL > rR.
4.1.2 Evaluating the Volume
We are now in the position to evaluate the volume enclosed inside the geodesic studied in the
previous subsection as suggested by the CV proposal. We have divided the volume to the part
inside the defect region and the part outside the defect region. Throughout the calculation
we have assumed that rL, rR  ln(2/δˆ), namely that the size of the boundary interval as well
as the distance between its end points and the defect are kept finite and far below the cutoff
value. The volume of the part inside the defect region on the right patch can be evaluated as
V R1 = L
2
∫ 0
−y∗
dy cosh y
∫ tanh−1(cos δˆ)
rR−tanh−1(a)+sinh−1
(
a√
1−a2
tanh y
) dr (4.12)
and for the left patch we have
V L1 = L
2
∫ y∗
0
dy cosh y
∫ tanh−1(cos δˆ)
rL+tanh
−1(a)+sinh−1
(
a√
1−a2
tanh y
) dr. (4.13)
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Using the change of variables y → −y in the first integral, we can combine the two integrals.
Some of the contributions cancel out and we are left with
V1 =V
L
1 + V
R
1 = L
2
∫ y∗
0
dy cosh y
Ä
2 tanh−1(cos δˆ)− rL − rR
ä
= sinh y∗
Å
2 ln
Å
2
δˆ
ã
− rL − rR
ã
.
(4.14)
The volume outside the defect region for the right patch is given by
V R2 = L
2
∫ tanh−1(cos δˆ)
rR+O(δˆ2)
dr
∫ cosh−1( 1
cosh r sin δˆ
)
0
cosh y dy
+ L2
∫ rR+O(δˆ2)
r0
dr
∫ tanh−1(√1−a2
a
sinh(r−rR+tanh−1(a))
)
0
cosh y dy
= L2
Å
1
δˆ
cos−1(tanh rR)− pi/2
ã
+ L2 arcsin(a), (4.15)
where we have decomposed the volume integration into two parts along the black dashed line
in figure 9, and the first integral was carried out using the change of variables t = sinh r.
We have also defined r0 = rR − tanh−1(a) which is the point on the spatial geodesic (4.7)
where y = 0. Note that in some cases the limits of integration in the second integral may
be flipped which accounts for a subtraction rather than an addition. The volume in the left
patch can be effectively obtained by replacing a→ −a and rR → rL in the above expression
which yields
V2 = V
R
2 + V
L
2 =
L2
δˆ
Ä
cos−1(tanh rR) + cos−1(tanh rL)
ä
− L2pi. (4.16)
Finally summing the different contributions yields the following result for the subregion
complexity using the CV conjecture
CsubV (rR, rL) =
2cT
3
Å
θR − θL
δˆ
+ sinh y∗
Å
2 ln
Å
2
δˆ
ã
− rL − rR
ã
− pi
ã
, (4.17)
where we have expressed the result in terms of the central charge cT = 3L/(2GN) and the
opening angle θR − θL where
θR = cos
−1(tanh rR), θL = − cos−1(tanh rL), (4.18)
cf. (2.9) with φ = pi/2. One consistency check on our result is to check that when rL = rR = 0
we recover half the volume of the full time slice, which is indeed the case, cf. eq. (3.3). The
leading divergence in eq. (4.17) is proportional to the size the interval A measured in terms of
its opening angle θR−θL, which is the same result as obtained without the defect, see [19]. The
last term −pi is a topological term, already mentioned in reference [70]. There, the authors
concluded that the holographic subregion complexity of q intervals living on the boundary of
AdS3 is proportional to
x
δ + piq − 2piχ, where x is the total length of the entangling intervals
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Figure 9: A corner of the right defect patch illustrating the relevant volumes in the evaluation
of the subregion CV proposal. The red dashed curve indicates the cutoff surface and the
volumes V R1 in eq. (4.12) and V
R
2 in eq. (4.15) are colored in dark and light yellow respectively.
The dashed black line indicates the division between the two integration regions in eq. (4.15).
on the boundary and χ is the Euler characteristic of the codimension-one volume entering
in the CV proposal. In our case, we obtain exactly the same result for the theory without a
defect by setting y∗ = 0, with χ = 1 and q = 1 (or alternatively q = 0 for the full boundary,
cf. eq. (3.3)). Compared to the full CV calculation in eq. (3.3), the subregion complexity has
half of the log divergent contribution which is due to the fact that the subregion encloses only
one boundary defect and the finite piece has an additional negative contribution proportional
to rL + rR.
Finally, with the tools we have developed here we can also generalize the result of [32]
for the entanglement entropy in the presence of the defect to the case of an entangling region
which is not symmetric around the defect. The entanglement entropy is determined by the
minimal area surface anchored at the boundary of the entangling region according to the
Ryu-Takayanagi (RT) formula SEE = A/(4GN) [36, 37], where for AdS3, A is simply the
length of the geodesic (4.7) according to the length element in eq. (4.4). In total we have
SEE = SEE,empty + ∆SEE,defect (4.19)
where the entropy in the absence of the defect is given by [71]
SEE,empty =
cT
3
ln
Ñ
2 sin
Ä
θR−θL
2
ä
δˆ
é
(4.20)
and the entropy associated with the defect is given by
∆SEE,defect =
cT
3
ln
Ñ
cosh y∗ +
sinh y∗
cosh
Ä
rR−rL
2
äé . (4.21)
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Figure 10: Illustration of the entanglement wedge for a subregion centered around the defect
in the right patch of the defect AdS3 geometry. Pt is the point on the boundary at the edge of
the causal diamond associated with the relevant boundary region, whose past bulk lightcone
will pass through the spatial geodesic connecting θL and θR.
For the case rR = rL = 0 where the geodesic passes through the center of the AdS3 this
matches eq. (3.9) of [32]. In fact, the authors there note that as long as the entangling surface
is symmetric around the defect, the result does not depend on the size of the subsystem, and
is related by means of a folding trick to the boundary entropy ln g. Indeed we observe that
when setting rL = rR the dependence on the boundary points rL, rR disappears from the
above equation. If the defect is not located at the midpoint of the interval, the entanglement
entropy is no longer determined solely by the two universal numbers cT and g but rather
depends also on the location of the end points of the entangling region.
4.2 Subregion CA Conjecture
In [19], a proposal was made for extending the CA conjecture to subregions (corresponding
to mixed states); the proposal is that the complexity of the mixed state is proportional to
the action of a codimension-zero bulk region, defined as the intersection of the WDW patch
and the entanglement wedge associated to the relevant subregion with the proportionality
coefficient as in eq. (1.2). The WDW patch does not depend on the subregion and is therefore
identical to the one described in subsection 2.3. The entanglement wedge associated to a
boundary subregion A is the set of bulk points which are spacelike separated from the RT
surface and connected to the boundary domain of dependence of the subregion A, see [38, 39].
Its boundary is then formed by the light-front of the past and future light cones emanating
from the various points on the RT surface. For the case of vacuum AdS3 the null geodesics
which form the boundaries of the entanglement wedge meet on the boundary at the two ends
of the causal diamond associated with the subregion A.
To simplify the calculation we will be focusing on the case where the entangling region
is symmetric about the defect, i.e., rR = rL or θL + θR = 0, see eq. (4.18). In this case,
the RT surface is simply a curve of constant r = rL = rR, see eqs. (4.7) and (4.11). The
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entanglement wedge then naturally coincides with the one of empty AdS3 and consists of the
light rays emanating from the boundary point Pt = (t, φ, θ) = (θR, pi/2, 0), see figure 10. In
fact, recall that we have already considered a similar lightcone, when we were looking at the
extension of the boundary of the WDW patch in the defect region in subsection 2.3, where it
was described by the relation (2.20). Adapting this expression to our case by the substitution
t → θR − t results in the following parametrization for the boundary of the entanglement
wedge
tanh r = cos(θR − t) . (4.22)
For the case of vacuum AdS and spherical entangling regions, it is well known that the
boundary of the entanglement wedge is a Killing horizon which has vanishing expansion
[66, 67] and therefore the counterterm in eq. (3.4) will vanish for this surface.
In the following, we will divide the contributions to the CA proposal for the subregion to
two parts — inside, and outside the defect region
CA,sub = CvacA,sub + CdA,sub. (4.23)
Since we are mainly interested in studying the special properties that the defect induces in our
system, we will focus here on evaluating the contributions to the complexity from the defect
region. Those will be the ones important for the conclusions of this paper. For completeness
we also extract the divergent contributions outside the defect region in appendix B. We will
demonstrate below that CdA,sub vanishes for all symmetric subregions around the defect.
In what follows it will be useful to have an explicit expression for the intersection of the
WDW patch and the entanglement wedge in the defect region. Combining (4.22) and (2.20)
for this joint yields
t = θR/2 . (4.24)
4.2.1 Evaluating the Action
In this subsection we focus on contributions from the defect region. We quote the result for
the structure of divergences outside the defect region at the end of the subsection and the
details can be found in appendix B. The projections of the various relevant contributions
onto the t = 0 time slice are illustrated in figure 11. They consist of bulk, boundary, joint
and defect contributions. In the defect region, those are the two bulk contributions B1
(region under the WDW patch) and B3 (region under the entanglement wedge), the three
surface contributions S4 (cutoff surface), S2 (null boundary of the WDW patch) and S8 (null
boundary of the entanglement wedge), the three joint contributions J2 (between the cutoff
surface and the boundary of the WDW patch), J5 (between the boundary of the WDW patch
and the boundary of the entanglement wedge) and J6 (between the past and future boundaries
of the entanglement wedge), and the two defect contributions S
(a)
d (enclosed under the WDW
patch) and S
(b)
d (enclosed under the entanglement wedge). We evaluate them below.
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Figure 11: Illustrations of the various contributions in the evaluation of the subregion CA
proposal for an interval which is symmetric around the defect. The illustrations focus on
the right patch, but of course, equivalent contributions exist for the left patch. The red
dashed line represents the cutoff and the middle dotted blue curve represents the projection
of the joint formed at the intersection between the boundary of the WDW patch and the
entanglement wedge. We have also included certain internal divisions between B4 and B5
and between S6 and S7 outside the defect region which we use in evaluating the relevant
integrals in appendix B.
Bulk contributions We start from the bulk contribution B1, bounded by the WDW patch
(2.20), which reads
B1 = − L
4piGN
∫ 0
−y∗
cosh2 y dy
∫ tanh−1(cos δˆ)
tanh−1(cos θR
2
)
cosh r dr
∫ cos−1(tanh r)
0
dt
=
L
8piGN
Å
y∗ +
1
2
sinh(2y∗)
ãÅ
ln δˆ +
θR
2
cot
Å
θR
2
ã
− ln
Å
sin
Å
θR
2
ãã
− 1
ã
. (4.25)
Next, we evaluate the bulk contribution B3, under the entanglement wedge (4.22), which
reads
B3 = − L
4piGN
∫ 0
−y∗
cosh2 y dy
∫ tanh−1(cos θR
2
)
tanh−1(cos θR)
cosh r dr
∫ θR−cos−1(tanh r)
0
dt
= − L
8piGN
Å
y∗ +
1
2
sinh(2y∗)
ãÅ
θR
2
cot
Å
θR
2
ã
+ ln
Å
sin
Å
θR
2
ã
csc θR
ãã
. (4.26)
Multiplying by four to account for the equivalent contributions from both sides of the defect,
as well as above and below the t = 0 time slice, we find that the total bulk contribution inside
the defect region is given by
Ibulk,in =
L
2piGN
Å
y∗ +
1
2
sinh(2y∗)
ãÅ
ln δˆ − ln
Å
1
2
tan
Å
θR
2
ãã
− 1
ã
. (4.27)
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Surface and joint contributions The contribution from the cutoff surface S4 has already
been evaluated in subsection 3.2.2, see eq. (3.20), and is given by
S4 =
L
8piGN
y∗. (4.28)
The contribution of the null surface S2 is very closely related to the one evaluated in eq. (3.24).
All one has to do is modify the limits of integration according to eq. (4.24) which yields
S2 =
L
8piGN
∫ 0
−y∗
dy
∫ θR/2
δˆ
dt cot t =
L
8piGN
y∗
Å
− ln δˆ + ln
Å
sin
Å
θR
2
ããã
. (4.29)
The details of the null boundary of the entanglement wedge S8 can be easily obtained from
those of the null boundary of the WDW patch in eq. (3.21)-(3.23) by substituting t →
θR − t in the relevant places. However, we have to make sure that the parametrization λ
increases from past to future, hence we choose λ = − LNEW cosh y ln
Ä
tan
Ä
θR−t
2
ää
, where we
have included a constant NEW to account for the choice of parametrization at the boundaries
of the entanglement wedge. The surface data is given by
xµ(t, y) = (t, y, tanh−1(cos(θR − t))), kµ(2) =
NEW
L cosh y
(sin(θR − t), 0, 1) ,
γyy = L
2, Θ = 0, κ(2) =
NEW
L
cos(θR − t)
cosh y
,
(4.30)
which leads to the following surface contribution
S8 = − L
8piGN
∫ 0
−y∗
dy
∫ θR/2
0
dt cot(θR − t) = − L
8piGN
y∗ ln
Å
2 cos
Å
θR
2
ãã
. (4.31)
Next, we evaluate the relevant joints. The joint J2 at the intersection of the WDW patch
and the cutoff surface is identical to the one evaluated in eq. (3.25) and reads
J2 = −L lnN2
8piGN
y∗ . (4.32)
The joint J5 at the intersection of the WDW patch and the entangling wedge can be obtained
using the normal vectors in eqs. (4.30) and (3.22) evaluated at t = θR/2 which yields
J5 =
L ln (NEWN2)
8piGN
y∗ . (4.33)
The joint J6 is obtained by contracting the normal vector in eq. (4.30) for t = 0 with the
normal vector of the past null boundary of the entanglement wedge obtained from the former
by flipping the sign of its t component. This yields
J6 = −L lnNEW
4piGN
y∗ . (4.34)
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Summing all these contributions together yields the following result for the action of the
surfaces and joints inside the defect region
Isj,in = 4(S2 + S4 + S8 + J2 + J5) + 2J6
=
L
2piGN
y∗
Å
− ln δˆ + ln
Å
1
2
tan
Å
θR
2
ãã
+ 1
ã (4.35)
and of course, we note that the parametrization choices N2 and NEW canceled out.
Defect contribution The defect contribution is given according to eq. (3.29). One has
to subdivide the integration into two parts. First, we consider the defect brane portion S
(a)
d
under the WDW patch
S
(a)
d =
L sinh 2y∗
8piGN
∫ tanh−1(cos δˆ)
tanh−1(cos θR
2
)
cosh rdr
∫ cos−1(tanh r)
0
dt
=
L sinh 2y∗
8piGN
Å
− ln δˆ − θR
2
cot
Å
θR
2
ã
+ ln
Å
sin
Å
θR
2
ãã
+ 1
ã
.
Next we evaluate the defect brane contribution under the entanglement wedge
S
(b)
d =
L sinh 2y∗
8piGN
∫ tanh−1(cos θR
2
)
tanh−1(cos θR)
cosh rdr
∫ θR−cos−1(tanh r)
0
dt
=
L sinh 2y∗
8piGN
Å
θR
2
cot
Å
θR
2
ã
+ ln
Å
sin
Å
θR
2
ã
csc θR
ãã
.
Those contributions are counted twice to account for the parts of the defect brane to the
future and past of the t = 0 time slice. Finally, we obtain
Id = 2
(
S
(a)
d + S
(b)
d
)
=
L sinh(2y∗)
4piGN
Å
− ln δˆ + ln
Å
1
2
tan
Å
θR
2
ãã
+ 1
ã
. (4.36)
Total contributions from defect region Adding up the contributions (4.27), (4.35) and
(4.36), we find that the defect region contribution to the subregion complexity vanishes
CdA,sub =
1
pi
(Ibulk,in + Isj,in + Id) = 0 (4.37)
as was the case for the complexity of the state on the entire time slice. This means that
the subregion complexity for an interval centered around the defect will be identical to the
result for a subregion of the same size in empty AdS. This is again in stark contrast to the
results of the subregion CV complexity in eq. (4.17), where the defect introduced a logarithmic
contribution which also depended on the location of the end points of the subregion.
Contributions outside the defect region In appendix B we consider the contribution to
the complexity from outside the defect region. This is the same as evaluating the subregion
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complexity for empty AdS.19 We are able to extract the structure of divergences analytically
and obtain
CvacA,sub =
cT
3pi2
Å
θR
δˆ
ï
ln
Å
`ct
L
ã
+ 1
ò
+ ln δˆ ln
Å
2`ct
L
ãã
+ finite. (4.38)
We note that upon setting θR = pi we recover the leading divergence of the full boundary
complexity (3.32). However, note that in expanding this result we have everywhere assumed
that θR was not too close to the cutoff, and therefore we cannot expect to recover the sub-
leading divergences in the full boundary complexity in this way. We see that the result here
has an additional logarithmic contribution compared to that in eq. (3.32) which depends on
the scale `ct associated with the counter term.
5 Complexity in QFT
In this section we consider the problem of calculating the defect contribution to the complexity
of the ground state from the dual field theory point of view.
At the moment it is not known, even in principle, how one should compute the complexity
for a generic interacting field theory, although some progress has been made for weakly
interacting QFTs, see [56]. For the case of a free field theory one can follow the methods
developed in [41] which allows to compute the complexity in the case where the reference state
and the target states are Gaussian (as is the case for the vacuum of a free field theory). A
Gaussian state can be characterized in normal coordinates by a set of characteristic frequencies
ωk; if the reference state is taken to have all frequencies equal to a constant ω0, the complexity
is given by
C = 1
2
∑
k
∣∣∣∣lnÅωkω0ã∣∣∣∣ . (5.1)
This formula is obtained as a geodesic distance, calculated in a certain metric defined on
the space of unitary operators that are used to move within the set of Gaussian states. An
essentially equivalent result was obtained in [42] via a different method, where the metric was
computed from the Fubini-Study metric on the set of quantum states.20
In order to make a connection between eq. (5.1) and the holographic model studied in
the previous sections, we look at a free 1+1-dimensional CFT with a conformal defect, i.e., a
defect which preserves at least one copy of the Virasoro algebra. A single defect on the real
line can be mapped to a boundary using the “folding trick”, and the problem of constructing
conformally invariant boundary conditions has been considered by Cardy [73] who derived a
set of consistency conditions that boundary states have to satisfy. However these conditions
cannot be solved in full generality. In the simplest case of a single free boson, which we
denote as φ+ and φ− on the right and left sides of the defect respectively, it is possible to
19For the case of a flat boundary, the divergence structure of the subregion complexity in vacuum AdS was
studied in [19].
20It has been shown in [72] that the two methods will not be equivalent in general, and an explicit coun-
terexample can be found using coherent states.
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Figure 12: Illustration of two CFT domain walls at the opposite sides of a periodic domain.
show [61] that the most general current-preserving conformal boundary condition relating the
derivatives of the fields isÇ
∂xφ−
∂tφ−
å
= M(λ)
Ç
∂xφ+
∂tφ+
å
, M(λ) =
Ç
λ 0
0 λ−1
å
, or (5.2)Ç
∂xφ−
∂tφ−
å
= M ′(λ)
Ç
∂xφ+
∂tφ+
å
, M ′(λ) =
Ç
0 λ−1
λ 0
å
. (5.3)
If the boson is compact, the first condition amounts to a change of the compactification
radius, with λ = R+/R−. The second type of defect is related to the first type by a T-duality
on one side of the defect, i.e, ∂µφ+ = µν∂
ν φ˜+. These boundary conditions can be obtained
by requiring that energy is conserved (i.e., the stress tensor component Txt is continuous) at
the location of the defect.
In order to mimic the setup of our holographic model we will consider a scalar field, living
on a periodic boundary of length 2LB, namely x ∈ [−LB, LB], with defects at the diametrically
opposed points x = 0 and x = LB, as indicated in figure 12.
If the boson is compact, then its compactification radius must be unchanged after going
once around the circle; this implies that the matrix associated to one defect must be the
inverse of the other; if at x = 0 we have a defect M(λ), at the opposite side the defect has to
be M(λ−1). This amounts to choosing λ′ = λ−1 in figure 12. It is a simple exercise to show
that imposing these boundary conditions on the boson leads to a spectrum that is the same
as in the theory without defects, namely
ωn =
pin
LB
. (5.4)
Applying the formula (5.1) then obviously leads to the result that the complexity does not
depend on the presence of the defect. This is in agreement with the result for the CA
conjecture that we obtained in (3.32), but not with the result for the CV conjecture (3.3),
which may be seen as an argument in favor of the CA conjecture. However, we should be
cautious in drawing such a conclusion, as the model we consider is a very simple one and we
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do not know if the result is generic. Moreover, the fact that the normal frequencies are the
same does not imply that there is no effect of the defect. The zero modes play an important
role in determining the entanglement entropy, more precisely its finite part, which can be
identified with the Affleck-Ludwig boundary entropy [32, 74, 75]. This potentially hints that
one has to incorporate the effect of zero modes, or winding modes, into the free field theory
definitions of complexity [41, 42].
We can make a few further observations. First, notice that if the two defects are not
placed at antipodal points, then the spectrum will change (the defects are not topological, so
the theory depends on the distance between them). In the field theory we can put the defects
wherever we want, but in the gravitational dual it seems difficult to find a corresponding
solution where the brane would have to bend, so something would have to pull on it to
stabilize the solution. Second, if the boson is not compact, then there is no reason a priori
why the two defects should be related to each other. We can allow for a more general pair
of defects M(λ),M(λ′). The boundary conditions lead to a set of allowed momenta and
corresponding frequencies
ωn± = |kn±| , kn± = npi
LB
± 1
LB
tan−1
Ç
λλ′ − 1
λ+ λ′
å
≡ pi
LB
(n±∆) . (5.5)
Alternatively, if one considers a pair of defects with transfer matrices M(λ) and M ′(λ′)
the frequencies are again identical to those in the vacuum state, while for transfer matrices
M ′(λ),M ′(λ′) we obtain the same result as in eq. (5.5).
Even though we have no reason to think that this model has anything to do with our
holographic model, we may hope that the corresponding complexity will have a sufficiently
generic form. Then using the prescription (5.1), and assuming for simplicity that we use a
reference frequency larger than the cutoff, we find
C =
N∑
n=1
ln
L2Bω
2
0
pi2 |n2 −∆2| ∼ 2N ln
Å
LBω0
piN
ã
+ 2N − lnN − ln
Ç
2 sin(pi∆)
∆
å
= 2
Å
LBΛ
pi
ã ï
ln
Å
ω0
Λ
ã
+ 1
ò
− ln
Å
LBΛ
pi
ã
− ln
Ç
2 sin(pi∆)
∆
å
,
(5.6)
where we have used N = LBΛ/pi with Λ the momentum UV cutoff. In the above expression
we have not included the contribution of the mode n = 0 since this mode would have to be
IR regularized when considering the theory without the defect ∆ = 0. Note that since we
have assumed that ω0 > Λ the leading term in the complexity will be positive, as expected.
We can compare this result to the one of the holographic CV (3.3) and CA (3.32) propos-
als. The field theory result has a Λ ln Λ divergence, which is expected in field theory [42] but
is absent both in CV and in CA when `ct is taken to be a constant. If we consider `ct ∼ 1/Λ in
the CA proposal, the leading divergence is reproduced, but not the subleading ln Λ. The fact
that the subleading divergences do not agree is not surprising given the simplicity of our model
and was already observed in the complexity of the vacuum state in [41, 42]. This choice of `ct
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would also lead to a ln2 Λ divergence in the subregion complexity (4.38), which despite being
an unusual divergence to encounter in field theory quantities that need to be renormalized,
does appear in quantum information measures, e.g., the entanglement and Re´nyi entropies
for entangling surfaces which contains a conical singularity [76]. Another option would be to
choose the reference frequency ω0 ∼ Λ. In this case the divergences are only Λ and ln Λ and
the structure is the same as for CV (3.3), except for the fact that the coefficient of the log
depends on the parameter of the defect in CV, whereas in the field theory the defect affects
only the finite part. Comparing eq. (5.6) to the results of the CA proposal (3.32) we see that
in both cases a defect dependent log contribution is absent.
It appears that the absence of a defect-dependent log is due to a cancelation that occurs
between modes of momentum k and −k; they are degenerate in the free model, and the defect
lifts the degeneracy symmetrically, i.e., ω → ω± δω. This suggests that the result can change
if parity invariance is broken, for instance in a chiral theory, or if the defect has degrees of
freedom living on it; in this case there is a channel of inelastic scattering of the modes, so
that k is not coupled only to −k.21 This idea can be checked explicitly in a solvable model
[62] of a free boson with a boundary interaction of the form
L =
1
8pi
∫
dx (∂µφ∂
µφ)− g cos
Ç
φ(0)√
2
å
. (5.7)
The interaction term is of dimension one and is exactly marginal. By taking the boson at
the self-dual radius, one can see that the interaction term can be reabsorbed into a redefinition
of the SU(2) currents J3 = i√
2
∂φ, J± = e±i
√
2φ:
J1(x)→ J 1(x) = J1(x)− g
2
δ(x) . (5.8)
The effect of this shift is to change the allowed U(1) charges (i.e., momenta) of the modes.
On a segment [0, LB] with Dirichlet boundary conditions at x = LB, one finds that kn =
pi
LB (n + g/2); the complexity in this case gives a result similar to (5.6), but with a term
g ln Λ. However, if the interaction term is added at both endpoints, the spectrum is different
[78]: it forms continuous bands centered around each integer, of width 1− 2α for g ∈ α+ Z.
In this case the asymmetry disappears again.
6 Discussion
In this paper we have studied how the results of the holographic complexity proposals change
when the boundary theory includes a conformal defect. We have focused on a simple gravity
model which includes an AdS2 brane embedded inside an AdS3 geometry for which the full
solution is known including backreaction [32]. The solution consists of two, slightly more
than half, patches of empty AdS3.
21Note, however, that the notion of degrees of freedom localized on the defect is not well-defined outside of
the perturbative regime, see, e.g., [77].
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In section 3 we evaluated the complexity of the full boundary state according to the
complexity=volume proposal and found that it has an additional logarithmic divergence,
compared to the case of vacuum AdS3, see eq. (3.3). We define the difference as the defect
formation complexity
∆C formdefect ≡ CV − CV,vac =
8cT sinh y
∗
3
ln
Å
2LB
δ
ã
, (6.1)
where we have used eq. (2.15) to express δˆ as a function of the UV-cutoff δ and the boundary
radius LB. Since the coefficient of the logarithmic divergence does not depend on the regu-
larization scheme, we expect that it is related to the physical data of our system. Indeed,
we demonstrate below that in addition to the explicit dependence on the central charge, the
coefficient of the logarithm in the above equation is related to the Affleck-Ludwig boundary
entropy [33], which manifests itself as the finite part of the entanglement entropy [71] in the
presence of a boundary. In the case of the conformal defect studied in this paper, when the
entanglement region is symmetric around the defect, it is possible to use a folding trick to
relate the system with the defect to a finite system with boundaries and in this case the finite
part of the entanglement entropy is also related to the boundary entropy. In the holographic
setup when evaluating the entanglement (4.21) for an entangling region which is symmetric
around the defect one obtains
SEE =
cT
3
ln
Å
2LB
δ
sin
Å
`
2LB
ãã
+ ln g; ln g =
cT y
∗
3
, (6.2)
where ` ≡ LB∆θ is the length of the interval on the boundary and ln g is the boundary
entropy. This result was already obtained in [32] and eq. (4.21) generalizes it to the case of
asymmetric regions around the defect; we find that in the latter case the finite part of the
entanglement is no longer a constant but depends on the location of the endpoints. As far as
we know, this result has not appeared in the literature before, and it would be interesting to
have a field theory derivation of it.
Next, we evaluated the complexity according to the complexity=action proposal and
found that the result was identical to the one obtained for empty AdS3
∆C formdefect = CA − CA,vac = 0. (6.3)
Previous studies of the two holographic proposals have found that the two results generally
coincide up to an overall numerical factor. This includes the late time growth rate of com-
plexity in black hole backgrounds which is proportional to the mass of the black hole (for the
CV proposal this is valid in the high temperature limit) [3, 11, 12],22 characteristic delays in
the complexity growth due to the introduction of shockwaves in the system [10, 23–25], as
well as the structure of divergences in holographic complexity (this is true when including a
counter term in the action proposal), see [20, 21]. It is therefore interesting that for the case
22See also [22] for the full time dependence.
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of the defect the results of the two holographic proposals dramatically differ. However, we
have to be careful about the generality of this result. Holographic complexity is known to
have special features for the case of d = 2, e.g., the complexity of formation is not propor-
tional to the entropy for this particular boundary dimension [63]. It is therefore important to
carry this analysis in higher dimensional cases before a definite conclusion can be drawn. One
possibility would be to use the setup of AdS/BCFT to study the complexity in the presence
of a boundary [79, 80] or in various holographic models proposed for systems with defects
[30, 81–83]. It would also be interesting to try and explore the effect of defects of codimension
different than one on the complexity. Another possible extension of our results would be to
explore the effect of the defect at finite temperature when a black hole is present in the bulk.
It is important to point out that, at least naively, in order to study the complexity
using the volume conjecture we have to include the backreaction of the brane. It would be
interesting to see if this could somehow be avoided as was done for the entanglement entropy
in [84] by using the Casini-Huerta-Myers trick [66], or in an expansion for small tension of
the brane, see [85]. Note that the analysis of the action cannot be performed in the probe
approximation by simply considering the action of the brane itself since the gravitational
action for the region surrounding the brane contributes at the same order in an expansion in
the tension of the brane, as explicitly seen in our calculation.
In section 4 we evaluated the holographic complexity for subregions using the generaliza-
tions of the CA and CV proposals [19, 40] motivated by the suggestion that the natural bulk
region to encode the information about the reduced density matrix is the entanglement wedge
[38, 39]. Using the complexity=volume we found in eq. (4.17) that the leading divergence in
the complexity was proportional to the size of the boundary region. This was already noted
in [20, 40]. The defect introduced a subleading logarithmic divergence, which was exactly
half of the one given in eq. (6.1) for the full boundary state. The reason is that the subregion
covers only one defect in the boundary theory. It is also interesting to compare this result
to the entanglement entropy in equation (4.21) where the contribution due to the defect was
finite rather than logarithmic.
For the complexity=action for a symmetric region around the defect, we found again that
the complexity with the defect was identical to the result for vacuum AdS3, see eq. (4.37). We
derived the result for empty AdS3 in global coordinates in appendix B and the final result can
be found in eq. (4.38) (previous results for subregions in vacuum AdS with a flat boundary can
be found in [20]). We observed that the leading divergence is proportional to the size of the
interval and that a certain ambiguity was introduced by the parameter `ct, with dimension of
a length, due to the gravitational counterterm needed to restore reparametrization invariance
of the gravitational action. This counterterm was recently shown to be an essential ingredient
in the CA proposal in order to reproduce certain desired properties of the complexity in the
presence of shockwaves [23, 24]. We also observed a subleading logarithmic divergence which
depends on the same ambiguity due to the counterterm. If the characteristic length `ct is
chosen to be of the order of the cutoff, this introduces a ln2 δˆ divergence in the holographic
complexity. It would be interesting to generalize this result to the case of a region which is
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not symmetric around the defect which cannot be related to a system with boundary using
the folding trick.
In section 5 we studied the complexity of the ground state for two simple models of
bosonic QFTs including two defects at the two opposite sides of a periodic domain. We
evaluated the complexity according to the methods introduced in [41, 42] for Gaussian states
in free quantum field theories, starting from an unentangled product state with characteristic
frequency ω0. The first model consists of a free boson with permeable domain wall defects.
In this model, we found that the logarithmic contribution to the complexity does not depend
on the permeability parameter λ characterizing the defect, see eq. (5.6). This is similar to
what happened in holography using the complexity=action proposal. Later, we considered
an exactly solvable model with a boundary interaction given in eq. (5.7). In this model a
logarithmic divergence which depends on the defect parameters appeared in the complexity,
analogously to our result for the complexity=volume conjecture, although the logarithmic
term is absent even in this case if the system has two boundaries.
No embedding of the precise holographic model studied in this paper into string theory
is known. It would therefore be very interesting to reproduce our holographic calculation
for a model that comes from a solution of string theory, for instance, one could consider the
exact string background of AdS3 with NS-NS fluxes, in which AdS2 D-brane probes can be
embedded, see [86]. Presumably the fluxes would contribute to CA but not to CV, so there is
a possibility that the discrepancy found in this paper would not be present in a full top-down
model. Another interesting possibility is to study the complexity in a smooth defect geometry,
e.g., the Janus solution [88], and check whether a defect-dependent logarithmic contribution
is obtained using the CA/CV proposals.
It is possible to gain further intuition into the influence of the defect on the complexity
by considering MERA circuits, for a review see [89]. MERA tensor networks constitute an
efficient way of approximating the ground state of critical systems. It has been suggested
that they have a natural interpretation in holography where the MERA constitutes a lattice
representation of a constant time slice in AdS and where the additional direction in the MERA
circuit corresponds to the holographic RG scale [90]. More precisely, the number of layers in
the tensor network is proportional to log z where z is the holographic FG coordinate. The
lattice points in this description represent the MERA gates and so counting them (equivalently
evaluating the volume of the time slice) would naturally result in a measure of the complexity
of the state.
It was pointed out in [91, 92] that in order to find the ground state of a system whose
Hamiltonian has been modified in a certain region due to an impurity or a defect it is sufficient
to minimally update the tensor network, namely to replace the tensors in the causal cone of
the defect, defined as the part of MERA which traces the evolution of the defect under coarse-
graining transformations. Furthermore, if the defect is conformal, it is enough to replace the
pair of tensors representing disentanglers and isometries with another (single) pair in the
causal cone of the defect. For impurities spread over a small spatial region, the causal cone
consists of approximately a fixed number of tensors at each layer.
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We have seen in our CA calculations that the defect itself makes a large positive contribu-
tion logarithmic in the cutoff, see eq. (3.31), while the geometry around the defect introduces
a negative contribution, which exactly cancels the one of the defect. This can be naturally in-
terpreted in terms of the minimally updated MERA. Introducing a cost for the tensors in the
causal cone would give a log contribution, since it would be proportional to the length of the
cone in the bulk; at the same time, we would have to subtract the contribution of the tensors
that have been replaced. The exact cancellation that we observe seems to indicate that the
CA proposal corresponds to microscopic rules where the defect gates and the ordinary gates
are equally costly while in the CV, the defect gates are more costly.
An alternative interpretation was suggested in [93] according to which the additional
volume in the extension of the AdS space created by a thin defect could be interpreted
as additional portions added to the tensor network, and this would resemble a discretized
version of the time slice in our CV calculation. Another interesting possibility would be
to incorporate a defect into the path integral complexity proposal based on Liouville action
studied in [51–54].
We should point out that for entanglement entropy calculations in the free setup with
a compact boson and two permeable domain walls, the zero modes play an important role;
the finite boundary entanglement can be understood as arising essentially from the log of the
volume of the zero modes [32]. This raises the question of whether the prescription for com-
puting complexity using Gaussian states needs to be extended to account for a contribution
of the zero modes. We leave this interesting issue for future study.
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A Derivation of the Light Cone using Global Coordinates
In this appendix we derive the light cone surface of subsection 2.3 using the (φ, θ) coordinate
system. Since the form of the null surface is identical in conformally equivalent spacetimes,
we will study null geodesics in the metric
ds2 = −dt2 + dφ2 + sin2 φ dθ2 (A.1)
which is a conformal rescaling of the metric (2.8). The geodesic equations read,23
t¨ = 0, φ¨ =
1
2
sin(2φ) θ˙2, θ¨ = −2 cotφ θ˙ φ˙ , (A.2)
where the derivatives are taken with respect to some parameter σ along the null geodesics
and the requirement that the geodesics are null reads
− 1 + φ˙2 + sin2 φ θ˙2 = 0. (A.3)
The first equation in (A.2) is consistent with having the geodesics parameterized by t, namely
σ = t. Integrating the last equation in (A.2) yields
θ˙ =
a
sin2 φ
, (A.4)
where a is an integration constant. Next, we substitute the result from eq. (A.4) into the null
constraint (A.3) which yields
φ˙ = ±
√
1− a
2
sin2 φ
. (A.5)
Solutions to eqs. (A.4)-(A.5) automatically satisfy the second equation in (A.2). Before we
proceed in finding the explicit solution for the null geodesics, let us pause and briefly comment
on the properties of eqs. (A.4)-(A.5). If we start from the boundary and look at inwards and
future oriented null rays we will choose the minus branch of eq. (A.5) since φ is decreasing
as we move into the bulk. The constant of integration a determines the angular orientation
(θ) of the null geodesic as it falls into the bulk according to eq. (A.4). For instance for a = 0
we will have a geodesic which follows a line of constant θ and this is the geodesic which
determines the boundary of the WDW patch in vacuum AdS3 without the defect. For other
values of a there is a particular value of the radial coordinate φ = sin−1 |a| for which φ˙ = 0
and the geodesic turns back toward the boundary. Let us focus on the upper half of the
WDW patch and study future oriented geodesics starting from the boundary. Integrating the
minus branch of the differential equation (A.5) we obtain the solution
t = c2 − cos−1
Ç
cosφ√
1− a2
å
where sin−1 |a| ≤ φ ≤ pi/2. (A.6)
23Of course, since we are working with the equations of motion of the squared line element, under the
conformal rescaling the parametrization of the null geodesics could change.
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The initial condition φ(t = 0) = pi/2 fixes c2 = pi/2. Finally we can solve the equation for θ˙,
which gives
θ = c3 + tan
−1(a tan t) where 0 ≤ t ≤ pi/2, (A.7)
and the initial condition θ(t = 0) = 0 for the null rays originating from (t, φ, θ) = (0, pi/2, 0)
fixes c3 = 0.
24
We also present in the following an equation which describes the shape of the lightcone
constructed from these null rays. We will focus on the part of the surface for negative angles
θ < 0 which fixes the new component of the boundary of the WDW patch in the defect region,
see figure 3. First, from eq. (A.6) with c2 = pi/2 we extract a
a = −
 
1− cos
2 φ
sin2 t
for θ < 0. (A.8)
Substituting this value into eq. (A.7) together with c3 = 0 for the null lightcone originating
from the boundary at θ = 0 we obtain
tan θ +
 
tan2 t− cos
2 φ
cos2 t
= 0 or cos θ =
cos t
sinφ
. (A.9)
One can also relate this analysis to the (y, r) coordinate one by verifying that lines of constant
a (or t) correspond to a constant value of the coordinate y (or r) respectively, see eq. (2.9).
More explicitly we have
a = tanh y, tanh r = cos t. (A.10)
A cross section of the light cone surface for different values of t is depicted by the green slices
in figure 4 where we have used the following coordinates for the plot
x =
φ
pi/2
cos θ, y =
φ
pi/2
sin θ. (A.11)
B Contributions to the Subregion CA Outside the Defect Region
In this appendix we evaluate the contributions to the subregion CA proposal outside the
defect region for a subregion which is symmetric around the defect. This also gives the result
for the subregion complexity from the CA proposal in empty AdS3 in global coordinates for
a subregion of the same size. The projections of the various regions used in this calculation
onto the t = 0 time slice are illustrated in figure 11. In what follows we will work in the
(t, φ, θ) coordinates of eq. (2.8). The relevant conversions can be found in eqs. (2.5), (2.7)
and (2.9).
24For the null rays originating from θ(t = 0) = pi we have c3 = pi but since the picture is symmetric we will
focus on the null rays originating from θ(t = 0) = 0.
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Preliminaries It will be useful to have expressions for the various surfaces in the relevant
coordinates; these are: the boundary of the WDW patch (S3 in figure 11)
φ = pi/2− t, (B.1)
the boundary of the entanglement wedge, see eq. (A.9) (S6 ∪ S7 in figure 11)
sinφ cos θ = cos(θR − t), (B.2)
the cutoff surface (S1 ∪ S5 in figure 11)
φ =
pi
2
− δˆ, (B.3)
the joint at the intersection of the WDW patch and the entanglement wedge (J4 in figure 11)
cos θ =
sin(θR + φ)
sinφ
and t = pi/2− φ = tan−1
Å
cos θ − cos θR
sin θR
ã
, (B.4)
the point at the intersection of the joint J4 and the θ = 0 surface
φ =
pi
2
− θR
2
, t =
θR
2
and θ = 0, (B.5)
while the point at the intersection of the joint J4 and the cutoff surface is given by
t = δˆ, φ = pi/2− δˆ and θ = cos−1
(
cos(θR − δˆ)
cos δˆ
)
= θR − δˆ +O(δˆ2). (B.6)
The RT surface J7 is given by
t = 0 and sinφ cos θ = cos θR, (B.7)
the point at the intersection of the RT surface and the surface θ = 0
φ =
pi
2
− θR, t = 0 and θ = 0, (B.8)
the joint J1 where the cutoff surface intersects the entanglement wedge
φ =
pi
2
− δˆ, cos θ = cos(θR − t)
cos δˆ
, (B.9)
and finally, the point at the intersection of the RT surface and the cutoff
θ = cos−1
Å
cos θR
cos δˆ
ã
= θR +O(δˆ2) and t = 0. (B.10)
It will also be useful to have the surface data for the entanglement wedge in terms of the
(t, φ, θ) coordinates. The null boundary of the entanglement wedge is given in eq. (B.2) and
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can be parameterized similarly to eqs. (A.6)-(A.7) with the substitution t → θR − t in the
relevant places
xµ = (t, φ, θ) =
Ä
t, cos−1
Ä√
1− a2 sin(θR − t)
ä
, tan−1 (a tan(θR − t))
ä
, (B.11)
where a is constant along a given null geodesic parameterized by t. The surface information
in this coordinate system with the parametrization λ = t/NEW is
kµEW = NEW
Ñ
1,
√
1− a2»
1 + a2 tan2(θR − t)
,− a sec
2(θR − t)
1 + a2 tan2(θR − t)
é
,
κEW = 2NEW cot(θR − t), γEWaa =
L2
(1− a2)2 .
(B.12)
We may also determine the values of a and t at the point where the entanglement wedge
intersects RT surface and the cutoff surface
t = 0, and amax =
√
1− sin
2 δˆ
sin2 θR
= 1− δˆ
2
2 sin2 θR
+O(δˆ4) (B.13)
as well as the point where it intersects the cutoff surface and the WDW patch
t = 0, and amin =
Ã
1− sin
2 δˆ
sin2(θR − δˆ)
= 1− δˆ
2
2 sin2 θR
− cot θR
sin2 θR
δˆ3 +O(δˆ4). (B.14)
Below, we will only be able to extract the divergent pieces of the subregion CA proposal
outside the defect region analytically and will leave some of the finite pieces as implicit integral
expressions.
Bulk Contributions The bulk contribution B2 under the WDW patch reads
B2 = − L
4piGN
∫ pi
2
−δˆ
pi
2
− θR
2
dφ
sinφ
cos3 φ
∫ cos−1Ä sin(θR+φ)
sinφ
ä
0
dθ
∫ pi
2
−φ
0
dt
= − L
4piGN
Å
θR
δˆ
+ ln δˆ
ã
+ finite.
(B.15)
Next, we evaluate the bulk contribution of the region under the entanglement wedge. We
subdivide it into two parts, B4 and B5, as indicated in figure 11, along a line of constant
φ = pi2 − θR2 . The part B4 is finite and reads
B4 = − L
4piGN
∫ pi
2
− θR
2
pi
2
−θR
dφ
sinφ
cos3 φ
∫ cos−1Ä cos θR
sinφ
ä
0
dθ
∫ θR−cos−1(cos θ sinφ)
0
dt = finite. (B.16)
The part B5 extends all the way to the cutoff and reads
B5 = − L
4piGN
∫ pi
2
−δˆ
pi
2
− θR
2
dφ
sinφ
cos3 φ
∫ cos−1Ä cos θR
sinφ
ä
cos−1
Ä
sin(θR+φ)
sinφ
ä dθ ∫ θR−cos−1(cos θ sinφ)
0
dt
=
L
8piGN
ln δˆ + finite.
(B.17)
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Therefore, the total bulk contribution reads
Ibulk,out = − L
piGN
Å
θR
δˆ
+
1
2
ln δˆ
ã
+ finite, (B.18)
where we have included a factor of four to account for the two sides of the defect as well as
the contributions above and below the t = 0 time slice.
Surface Contributions We proceed by evaluating the various surface contributions. We
start with the cutoff surface. In the region under the WDW patch (S1), this is a simple
modification of our previous calculation in eq. (3.11). All we have to do is modify the limits
of integration as follows
S1 =
L
8piGN
∫ δˆ
0
dt
∫ θR−δˆ+O(δˆ2)
0
dθ
cos δˆ
sin2 δˆ
Å
cos δˆ +
1
cos δˆ
ã
=
LθR
4piGNδˆ
+ finite. (B.19)
The part of the cutoff surface under the entanglement wedge is similarly given by
S5 =
L
8piGN
∫ θR+O(δˆ2)
θR−δˆ+O(δˆ2)
dθ
∫ θR−θ+O(δˆ2)
0
dt
cos δˆ
sin2 δˆ
Å
cos δˆ +
1
cos δˆ
ã
= finite. (B.20)
Next, we evaluate the contributions of the various null surfaces. We start with the null
boundary of the WDW patch which requires a simple modification to the integration limits
in eq. (3.15)
S3 =
L
8piGN
∫ θR−δˆ+O(δˆ2)
0
dθ
∫ tan−1Ä cos θ−cos θR
sin θR
ä
δˆ
Ñ
ln
(
2`ctN3
sin(2t)
)
+ 2 cos2 t
sin2 t
é
dt
=
L
8piGN
Å
θR
δˆ
ï
ln
Å
`ctN3
δˆ
ã
+ 1
ò
+ ln δˆ [2 + ln(`ctN3)]− 1
2
ln2 δˆ
ã
+ finite.
(B.21)
For the null boundary of the entanglement wedge, we will divide the integration region along
a line of constant a = amin, see eq. (B.14), as indicated in figure 11. This yields
S6 = −LNEW
4piGN
∫ amax
amin
da
∫ θR−sin−1 ( sin δˆ√
1−a2
)
0
cot(θR − t)
(1− a2) dt = O(δˆ
2), (B.22)
and
S7 = −LNEW
4piGN
∫ amin
0
da
∫ tmax
0
cot(θR − t)
(1− a2) dt = finite, (B.23)
where tmax solves the equation
sin tmax =
√
1− a2 sin(θR − tmax). (B.24)
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Joint contributions The joint at the intersection between the WDW patch and the cylin-
drical cutoff surface is similar to the expression (3.16) and reads
J3 = − L
8piGN
∫ θR−δˆ+O(δˆ2)
0
cot δˆ ln
ÅN3L
sin δˆ
ã
dθ = − L
8piGN
Å
θR
δˆ
− 1
ã
ln
ÅN3L
δˆ
ã
. (B.25)
For the joint at the intersection of the entanglement wedge and the cutoff surface we obtain
J1 = − 1
8piGN
∫ √
γEW ln |kµEWs(1)µ |da
= − L
8piGN
∫ amax
amin
1
1− a2 ln
Ñ
2LNEW
»
cos2 δˆ − a2
sin(2δˆ)
é
da = O(δˆ), (B.26)
where we used eqs. (3.9) and (B.12) for the relevant normal vectors. Next, we evaluate the
joint at the intersection of the entanglement wedge and the WDW patch. We use the normal
vectors in eq. (B.12) and (3.13) and substitute the value of t at the joint using eq. (B.24)
J4 =
L
8piGN
∫ amin
0
1
1− a2
Ç
ln
L2N3NEW csc2 θR
2(1− a2) + ln
(2− a2 + 2√1− a2 cos θR)2
1 +
√
1− a2 cos θR
å
da
=
L
8piGN
Ç
ln2 δˆ − ln δˆ ln
Ç
L2N3NEW
2
åå
+ finite. (B.27)
Finally, the joint between the past and future boundaries of the entanglement wedge reads
J7 = − L
8piGN
∫ amax
0
da
1− a2 ln
Ç
L2N 2EW csc2 θR
1− a2
å
= − L
8piGN
Ä
ln2 δˆ − ln δˆ ln
Ä
L2N 2EW
ää
+ finite.
(B.28)
Adding together the various joint and surface contributions yields
Isj,out =
L
2piGN
Å
θR
δˆ
ï
ln
Å
`ct
L
ã
+ 3
ò
+ ln δˆ
ï
1 + ln
Å
2`ct
L
ãòã
+ finite, (B.29)
and of course we see that the various constant related to the choice of parametrization canceled
out.
Total divergence Combining eqs. (B.18) and (B.29), we obtain the total divergence for
the vacuum AdS3 portion of the CA proposal for an entangling region which is symmetric
around the defect
CvacA,sub =
1
pi
(Isj,out + Ibulk,out) =
L
2pi2GN
Å
θR
δˆ
ï
ln
Å
`ct
L
ã
+ 1
ò
+ ln δˆ ln
Å
2`ct
L
ãã
+ finite. (B.30)
This concludes the derivation of eq. (4.38).
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C Subregion CV in the Poincare´ patch
In the global coordinates, we are constrained to consider the case where the two patches glued
together share the same cosmological constant. However, if we consider the Poincare´ patch,
we can glue together two AdS3 patches with different AdS radii along the location of the
defect. The backreacted metric reads [68, 93, 94]
ds2 =
L2
z′2
(−dt2 + dz′2 + dx′2) Θ(z′ + x′ tanβ) + R
2
z2
(−dt2 + dz2 + dx2) Θ(z − x tanα), (C.1)
where Θ(z) is the Heaviside theta function and the two patches have different AdS radii R
and L. The matching condition is given by
R
sinα
=
L
sinβ
= −cotα+ cotβ
8piGNλ
, (C.2)
where λ > 0 is the tension of the brane, see eq. (2.1). Stability of the gravitational solution
requires that pi ≥ α, β ≥ pi/2, see [93]. In the case with no defect (λ = 0) the matching
condition (C.2) implies that the two AdS radii are equal L = R and that α = β = pi/2.
However note that in general L = R does not imply that there is no defect. We will think
of the two patches as being drawn alongside each other, see figure 13. In this case the two
coordinates systems (t, x, z), and (t, x′, z′) are related through a rotation in the x − z plane
as follows Ç
z′
x′
å
=
Ç− cos(α+ β) sin(α+ β)
− sin(α+ β) − cos(α+ β)
åÇ
z
x
å
. (C.3)
Figure 13 illustrates a constant time slice of our setup. The regions DL and DR are extensions
of the AdS space due to the existence of the defect. We will consider the subregion complexity
for a subregion which is anchored at the boundary at x = a (right) and x′ = −b (left). Without
loss of generality, we will everywhere assume that a > b > 0.
It is natural to continue to choose the cutoff in the regions CL and CR, to match the usual
Fefferman-Graham expansion, with z′ = δ and z = δ, respectively. In the defect region we
suggest to extend the cutoff surface smoothly using a circular arc, similarly to what was done
in subsection 2.2.25 Focusing on the defect extensions DR and DL, it will be useful to define
a radial coordinates in the x− z plane as
x = ρ cos θ, z = ρ sin θ. (C.4)
25One could in principle consider choosing two different cutoffs for the FG expansions on each side of the
defect, connected by an interpolating curve in the defect region. For example one such choice was presented
in [68] where the author considers cutoffs of constant z everywhere (including the defect region). The relation
between the two cutoffs is determined by holding the scale factor of the metric fixed. The resulting cutoff is
continuous but not smooth across the interface. In our case, these choices would not influence the logarithmic
(defect-dependent) contribution to the complexity which is expected to be universal, see section 6.
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RD
LD
LC
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φ
Figure 13: Constant time slice of the two AdS3 patches, glued together along the straight
blue line representing the defect. α (right) and β (left) are the opening angles of the patches
on each side of the defect. The defect extends the space and its contribution is encoded in the
regions DL,DR, while CL, CR are the parts of the AdS3 spaces outside the defect extension.
The cutoff is represented by a dotted orange curve and is extended as a circular arc in the
region of the defect. The red curve represents the RT surface corresponding to the region
anchored at the AdS boundary at points a and b. It consists of two circular arcs of different
radii which are connected smoothly at the location of the defect. The centers of the relevant
nested circles are depicted as black dots.
In terms of these coordinates the metric reads
ds2 =
R2
ρ2 sin2 θ
Ä
−dt2 + dρ2 + ρ2dθ2
ä
, (C.5)
and the cutoff extension is given by
ρ = δ. (C.6)
The RT surfaces on each side of the defect are parts of circular arcs in the x−z coordinates
which are perpendicular to the boundary. They can be described by the following equations
(x−OA)2 + z2 = R2A, (x′ −OB)2 + z′2 = R2B, (C.7)
where OA and OB indicate the positions of the centers of the circular arcs and RA and RB
indicate their Radii in the right/left patches respectively. The matching condition across the
defect indicates that the circles are tangent at the location of the defect (see, e.g., [93]). One is
then led to the conclusion that the two centers as well as the location where the arcs intersect
the defect lie along a single line. We define the angle between this line and the defect as φ,
see figure 13.
The geometry is completely fixed by the angles α and β as well as the sizes of the relevant
boundary regions a (right) and b (left), see figure 13. The angle φ is given by the solution to
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the equation
a
b
=
(
tan α2 tan
φ
2 + 1
tan α2 tan
φ
2 − 1
)(
tan β2 tan
φ
2 + 1
tan β2 tan
φ
2 − 1
)
(C.8)
which satisfies sinα > sinφ and sinβ > sinφ, or explicitly
tan
φ
2
=
(a+ b) sin α+β2 −
√
(a+ b)2 sin2
Ä
α−β
2
ä
+ 4ab sinα sinβ
2(a− b) sin α2 sin β2
. (C.9)
The various “lengths”26 indicated in figure 13 are given by
RA = a
sinα
sinα+ sinφ
, RB = b
sinβ
sinβ − sinφ,
OA = a
sinφ
sinα+ sinφ
, OB = b
sinφ
sinβ − sinφ,
(C.10)
and the “length” along the defect up to the meeting point is given by
y = a
sin(α+ φ)
sinα+ sinφ
= b
sin(β − φ)
sinβ − sinφ, (C.11)
or explicitly
y =
(a− b) sin
Ä
β−α
2
ä
+
√
(a+ b)2 sin2
Ä
β−α
2
ä
+ 4ab sinα sinβ
2 sin
Ä
α+β
2
ä , (C.12)
cf. eq. (B.3) of [93].
We will focus on the subregion complexity, since the boundary is infinite and hence the
complexity of the full space is (IR) divergent. We have divided the integration region into
four regions – CR and CL outside the defect region and DR and DL inside the defect region.
The various volumes read
CR =R2
∫ √R2A−O2A
δ
dz
z2
∫ OA+√R2A−z2
0
dx+R2
∫ RA
√
R2A−O2A
dz
z2
∫ OA+√R2A−z2
OA−
√
R2A−z2
dx
=R2
Å
a
δ
− pi
2
− sin−1
Å
sinφ
sinβ
ãã
,
(C.13)
and
CL = L2
∫ √R2B−O2B
δ
dz′
z′2
∫ 0
OB−
√
R2B−z′2
dx′ = L2
Å
b
δ
− pi
2
+ sin−1
Å
sinφ
sinβ
ãã
, (C.14)
outside the defect region and
DR = R2
∫ α
pi/2
dθ
sin2 θ
∫ OA cos θ+√R2A−O2A sin2 θ
δ
dρ
ρ
= R2
Å
cotα ln
Å
δ
y
ã
− φ+ sin−1
Å
sinφ
sinα
ãã
,
(C.15)
26Here we indicate the length without the overall conformal factor namely,
√
x2 + z2 or
√
x′2 + z′2.
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and
DL = L2
∫ pi/2
pi−β
dθ
sin2 θ
∫ OB cos θ+√R2B−O2B sin2 θ
δ
dρ
ρ
= L2
Å
cotβ ln
Å
δ
y
ã
+ φ− sin−1
Å
sinφ
sinβ
ãã
,
(C.16)
inside the defect region. Of course we notice that the left and right patch results are related
by the exchange φ→ −φ, α→ β, a→ b and R→ L.
Summing all the contributions together, multiplying by the relevant factors of propor-
tionality 1/(GNR) and 1/(GNL) for the right and left patches respectively, see eq. (1.1), and
expressing the result in terms of the central charges, cR ≡ 3R2GN and cL ≡ 3L2GN , yields
CpoincareV =
2(cRa+ cLb)
3δ
+
2
3
(cR cotα+ cL cotβ) ln
Å
δ
y
ã
− 2cR
3
Å
pi
2
+ φ
ã
− 2cL
3
Å
pi
2
− φ
ã
.
(C.17)
where φ is defined in eq. (C.9), y is defined in eq. (C.12) and α and β are determined from
the matching conditions (C.2) in terms of the two cosmological constants and the data of the
defect.
Finally, let us study the limit of equal cosmological constant which yields α = β, cR =
cL ≡ cT and as a consequence y =
√
ab. This yields the following complexity
CpoincareV =
2cT
3
Ç
a+ b
δ
− 2 sinh y∗ ln
Ç
δ√
ab
å
− pi
å
(C.18)
where we have used eq. (C.2) and eq. (2.3) to relate cotα = − sinh y∗. This can be seen as
the large boundary size a, b LB limit of the global coordinate result of eq. (4.17) where we
have used θR = a/LB and θL = −b/LB in order to perform the expansion in eqs. (4.18) and
(4.17).
A similar analysis to the one we have performed in subsection 4.2 for the subregion CA
conjecture can be performed here as well. We leave this extension for future work.
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